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A INTRODUCTION

Ligand [ficld theory’s forerunncr was crystal ficld theory which was
developed by physicists around 1930, Physicists used the theory with success
to interpret magnetic data. However, chemists wanted knowledge about the
spectrum of energies of complexes in general, complexes with varicus metal
ions in different oxidation states and with various ligands coordinated in
differcnt polyhedra. Seen in that perspective, the results of the physicists
were small waves on a big occan. Even though the chemists did not
revolutionize the theory when they approached the subject in the fifties, they
did bring the theory into a more suitable form from a chemical point of
view, The main contribution from chemists was the realization that results of
optical spectroscopy could bhe interpreted by the theory. Moreover, it was
mainly the chemists whao realized the limits of the theory and took interest in
its relationship to molecular orbital theory,

In spite of its limitations, ligand [ield theory revolutionized transition
metal chemistry. In order to exemplily this, one may just refer to the
chemical concept of a d” system. While this concept at most had a quite
formal meaning to the chemist of 1950, 1t mages for the cheoust of loday a
series of chemical systems, usually octahedral and kinetically inert, with a
spin-quartet ground level, a maximum of ligand ficld stabilization energy,
two or occasionally three cubic spin-atlowed ligand ficld absorption bands
and a spin-doublet level making it an emutter ete.

Al the beginning the term ligund field was used to focus on the ligands as
the immediate neighbours of the central ion. as opposed 10 the crystal field
which consisted of a summation of contributions from nearest neighbours,
next-nearest neighbours etc. Later, however, the coneept of ligand field
theory came to be used also for a qualitative molecular-orbital-oriented
theory which might or might not include interelectronic repulsion. Quantita-
tive ligand field theory 18 more well defined. It is a method of transforming
spectroscopic data, g values and magnetic susceptibilities into energy
parametcrs.

The energy parameters are empirical, while the rest of quantitative ligand
field theory is based upon symmetry in combination with a limited function
space of 1 orbitals, i.e. p, d or f orbutals [L]. The ligand field paramcters,
which reflect the splitiing energies [2.3] within the | set, are, together with
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the interelectronic repulsion paramcters [4] and sometimes also with the
spin—orhit coupling parameter [4], required to describe the experimental
results.

In easting schemes of hgand lield theory, the (hree kinds of energy
parameters are not mutually comparable for a given chemical system. This
review 1s concerned with some recent developments which not only allow a
quantitative comparison of the terms of the ligand field with each other but
also a comparison of the ligand field terms, individually or collectively, with
those of the interclectronic repulsion and the spin—orbit coupling.

The main objective of the review is to illustrate the orthonormal oper-
ators’ method of ligand field theory [1 4] Its strategy is to work rom simple
examples, found ameng p electron systems. The molecule XeF,, which in
this context is a p* system, together with the p* systems BrF;', BrF, and
XcF, have been found to be almost sufficient to illustrate all the essentials
of the method. It is essential that the concept of an operator and certain
operator properties are discussed [1]. We have done this also by adhering to
an exfensive usc of cxamples.

The review 1s mainly concerned with systems of high symmetry, cubic and
tetragonal, treated using a holistic view of the higand field, previously called
the non-additive or the purely symmetry-determuined lhigand field. As op-
posed 1o the holistic view, we take the partitioned view of the ligand field.
previously called the addiuve field. Here the total ligand field is written as a
sum of terms arising from different parts of the ligand system. The parti-
tioned view is, for example, that of the Angular Overlap Maodel [5-10]. but
this is not the main subject of the present review. The effect of interelec-
tronic repulsion in p electron systems is also discussed, and the essential
subject of the review is what we like to call the parametrical 17 model; we
shall restrict ourselves to discussing mainly the case where 1= 1. 1.¢. the p*
maodel.

The structure of the puper 15 the {ollowing. [n Section B. operators on a
p-orbital space are discussed. This section s also concerned with concepts
such as orthonormality of operators [1]. holohedral symmetry [11-13] and a
point group hierarchy [9,14-13] or chain [16- 18] Furthermore, the ligand
field is written as a sum of terms corresponding 1o the poing groups of a
hierarchy [2,3.9.14,17.18]. In Section (" the function space is extended to that
of a p? configuration [19]. In Section D the interelectronic repulsion within 4
p? configuration s discussed 1 lerms of the spin-pairing cnergy parameter
D |20]. Section E is concerned with the sum of the ligand field and the
interelectronic repulsion. and in Section F the results are summarized and
discussed as part of a historical development.
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B. LIGAND FILLDS ON p ORBITALS

This section exemplifies most of the concepls that may be associated with
the class of one-electron operators called ligand fields. As already men-
tioned, we shall restrict ourselves to discussing almost cxelusively operatars
acting on p orbitals, or in other words, ligand ficlds of p clectron systems,

In Section B(i) the usual standard set of p and d functions is given and
their symmetry properties mentioned. The symnetry of the d functions turns
out (Section B(v)) (o be identicul with (hat of the most general observable
ligand field on p orbitals. In Section B(if). ligand field observables are
introduced and it is shown that a non-cubic field with a symmetry axis of an
order higher than two is effectively axial when acting on p orbitals. In
Section B{iii) the results of the action of a tetragonal ligand field are
commuuicated in & multitude of ways. We hope in this fashion te diminish
some of the less mathematical readers’ worry about the fact that a ligand
field has to be an operator in a quantum mechanical model. In Section B{iv)
the similarity between functions and operators is demonstrated and operator
orthogonality and operator magnitude defined, concepts that are essential
for the whole paper. Section B(v) continues this demonstration of similarity
by surveying all operators on p orbitals, and 1n particular, by discussing two
different yet both useful ways of choosing them. One way leads 10 the basic
operators that are either projection operators or shift operators. These shift
operators have the property of transforming real p functions into onc
another as opposed to the step-up and step-down operators of angular
momenlum theory. The other way uses ligand field symmetry arguments to
obtain a set of operalors which directly represents the observables of the
ligand feld. These operators are found on the basis of character tables for a
series of groups of decreasing symmetry (a group hierarchy or group chain).
The concept of the holohedral rotation group is defined in Section B(vi}, and
in the last sections the holistic and the partitioned descriptions of ligand
[elds are brielly compared and the present chemical systems are discussed
wsing the Angular Overlap Model.

tij Stundard real functions

For our discussion of functions as well as operators, a prerequisite is the
usual real (27 + 1)-dimensional sets o / functions, where /=1 and /=2
refer to the p sets and d sets of functions which may be made bases for the
ungerade three-dimensional and the gerade five-dimensional irreducible
representations respectively of the three-dimensional rotation—reflection
group R,. These wsual real functions, whose p and d sets are given in egns.
{13 and (2), arc symmeltry adapted to the group hierarchy R., 2 I}, 2 D,, as
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also described in the expressions. All the functions are defined on the
surface of the unit sphere. x* + y? + z°=1;

a3,( Dy )by Dyy)  p.=po=p0= (ﬁ?]z = (.\,-’mjﬂ.:jllcos 8]
€ (Db (D) py=pas=pl =3, 3/47 Vv =(3/47 )[sin @ sin ¢]
(y3/4m )x = (y3/4 }[sin 8 cos ¢]
(1)

e (D)3, (D2y)  po=pre=pl=

a(Dya (D) dg=do= =(’—? [22—(1/2)x2 = (1/2)y?]
=(,5/47 )[cos’d - (1/2) sin’d]
1 (Do )bs (D) dy=dms=dl =[5/47 V3 [)-]
=({15/8= 87r|[sm 28 sin ¢]
ey, (Db (D1} d,=dme=d2 ={/S/47 V3 [ 2x]
= (15 /87 |[sin 28 cos ¢] (2)
(Do )big{ Dyy)  dy=dbs=d3 =(5/47 V3 [xy]
= (157167 }{(1 — cos 28) sin 2¢]
€ (Dypp)ag(Dyy)  d.= = (V547 ){y3/4 |[x* = v*]

={{15/16 }[{1 — cos 26) cos 2¢]

It may be noted that cach function, independent of its / value, is numbered
with a pon-negative integer, The o functions, numbered zero. and the cosine
functions, numbered with even positive numbers, are even with respect to
reflection in the ZX plane. The sine functions. numbered with odd integers,
are odd with respect to this reflection. The function sets of eqns. (1) and ()
have somectimes [1] been denoted the 1A¢ sets where A =0, 1 and 2 corre-
spond to o, 7 and & functions just as / — 0, 1 and 2 correspond to s, p and d
functions. For A =0 the extra denotation ¢ 13 superfluous, but for A> 0, ¢
may represent either ¢ or s

As they stand, the functions in eqns. (1Y and (2) are normalized to unity
over the unit sphere but we shall nevertheless in the rest of the paper use
their Cartesian expressions without the factor \:’(2—1’-# 1) /47 and yet imply
that they are normalized to uuity,

(i) An axial ligand field Pseudoabsolute energies

Strictly speaking an | electron 15 a concept that only has full meaning for
systems of spherical symmetry. However, the concept may be used for
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qualitative classification purposes [21], and the assumption that, further.
quantification is possible lcads to what is known as ligand ficld theory. One
can in the case of p electrons speak about the parametrical p* mode! which
means that the chemical situation 18 parametrized under the restriction that
its eigenfunctions can be described by the full set of functions of the p?
configuration.

A p electron has 3 orbitals among which to choose. If one hay a Cartesian
coordinale system XYZ, then the orbital functions are most naturally
chosen as p,. p, and p,, simply denoted x. y and z and assumed to be
normalized to wnity as in (1). The orbitals have a mutual relationship like
the three unit vectors of the Cartesian coordinate system. The energies
associated with them are identical in spherical symmetry and in actual fact
the concept of p means that the three functions span the three-dimensional
irreducible representation of the three-dimensional rotation group K5, In the
octahedral group O, p transforms as the three-dimensional irreducible
representation t{ ('), meaning that the p crbitals remain degenerate in an
octahedral ligund field. This in turn means that there ts no ligand field
parameter (no ligand field observable) 10 monitor the octahedral part af the
Hamiltonian within the paramctrical p? model. Howcver, if, for example, the
symmetry is lowered to D,. then the three p orbitals fall into two classes, p,
or pa,{D,), consisting of the p orbital whose symmetry axis is directed
along the tetragonal axis, chosen as the Z axis, and {p,. p,} or pe(/,).
consisting of the two remaining p orbitals. The situation is analogous il the
symmetry is lowered [rom R, to Dy the orbital p, is now pa,( ), directed
alung the trigonal axis. This orbitul forms one class while the two orthogonal
orhitals pe( D) form the other class.

We are concerned with situations where the term axial svmmetry is
appropriate. Axial means effectively full rotational symmetry about one axis
{like a o orbital. or 1n this context, like a o operator) and from the point of
view ol p orbitals, the symmetries D; and D, are indistinguishable from D_.
In more general terms the way in which the p orbitals are divided into
classes does not allow a distinction between D, symmctries for varving #
provided »# > 2; even D_ gives rise to this same situation with two classes of
orbitals, one consisting of the orbital directed along the principal axis and
one consisting of the two remaining orbitals. The p orbital whose rotatoenal
symmetry axis is along the o¢ axis, i.e. p, = pa,{ D) is according to cqn. (1)
the pe orbital. In D, orbitals of symmetry a,( D) and a,{D_) (as d,:) are
hoth referred 10 as 0. The two remaining p orbitals whose symmetry uxes are
perpendicular to the eo axis are then the pe (D) or pr set. The terms o
and # have their vsual chemical meaning provided it is remembercd that
this meaning is bound together with the circularly cvlindrical or conical
svmmetry of the oo axis.
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——_—pat'l ________________ 0

R;, O 0.. B3 (D

Fig. 1. The splitting A of the p-orbital level caused by a ligand field of axial symmetry.
Passing trom spherical (&;) to octahedral (O) symmetry, the three p orbitals remain
degenerate. linder Dy or Dy symmeltry perturhations, however, the set is split into a
non-degenerate orbital of symnetry a;(D5) or a;(8;) and a Juubly degenerate set of
symmetry ¢ Dy) or of 7,) under preservation ol the barveentre. As pointed out in Section
B(ii} the p orbitals cannot distinguish D symmetry (7 =~ 2) from D, symmetry. This means
that we can aiternatvely choose to label the orbitals accerding to linear svmmetry. The
az( D) orbital is then of o symmetry and the e( D, ) set hecomes a set of = orbitals. The sign
of & in the figure corresponds to a negative sign of the parameter & associated with the
sign-fixed operator Nj {eqn. ¢32)). The sign of this operator is bhased upon phasc-fixed
coupling coefficients [22]. The sign of A shown on the figure s thut expected for a
stpuare-planar maolecule such as XeF, {see Section B(viif)h

The fact that it 1s possible to label the orbital levels in D {n>2)
according 1o irreducible representations of D is carried over to the poly-
clectron levels of all p? configurations. This has the important consequence
that multiplet terms of { R) symmetry do not spiit up as expecled n
tetragonai symmetry. This will be illustrated in Section E.

The one-electron energy situation described is depicted in Fig. 1 where
the ligand field parameter A is delined with an arbirrary choice of sign,
placing the « orbitals above the o orbital, This parameter is an observable of
the parametrical p? model and in fact the only ligand fheld obhservable when
the symmetry is axial.

The cbservable A is an energy difference. and it is important to realize
that absolute cnergics are never ligand field observahles. However, it is
useful to introduce pseudoabsolute energies. This is done by choosing a zcro
point for the orhital energies. We choose this zero point as the average
energy ol the orbitals present, here the three p orbitals. This average is 24 /3
in Fig. 1. The pseudoabsolute energies A are then

Alpm)=A-24/3=(1/3)A (3)

R(po)=0-2A/3=—(2/3)A

with the consequence that these energies. summed ovet the three p orbitals.
are zero. The process of enforcing this sum rule is called barycentration.
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We shall now proceed to combine our knowledge ahbout the axial field
with the particular choice of p-function basis made in Section B(i). This will
lead us to the mmportant concepts of a hgand field operator and s
associated matrix representation.

(i) A matrix representation of the terragonal ligand field operator

In this section we shall discuss different ways of expressing the symmetry
results of eqn. (3), i.e. the action of, for example, a tetragonal ligand-field
opcrator on a p-orbital space. These ways contain by their example several
peneral features of both ligand field theory itself and of the formalism we
advocate here. In this formalism the coneept of the tetragonal ligand field
operator, here called V(D }. 18 very important. Operators will in the follow-
ing be characterized hy a caret {2 hat). We stress that we never need to let
the operators operate in any tangible way, i.e. by using rules of operauon.
We need them only as part of the formalism, 1.2 as part of the conceptual
framework, and as a highly useful component of the system of notation. All
the information required about the action of an operator will be contained
in one of its matrix representations.

We are able to write eqn. (3) in the alternative form given in eqn. (4):

(z]l?( Dd}|7.> =(r_‘r| P( Dd)|a> = —{2/3)1A

A

D,) ¥} = {ms{¥(Dy)'m I——*[1/3}A (4)

/“‘-»-.

(x v( 1)4}|x> —fw(,|V(D4 |wc) (1/34A

where 5 and ¢ represent sine and cosine and refer to the functional form (¢
dependence) of the pw orhitals when these are written in spherical polar
coordinates as in egn. (1),

Another way of expressing the same results is by using matrix notation as
shown in matrix (5):

]}( ny) X ¥ Z
x [1/3 0 0
v |0 13 0 |aA (5)
. |00 —-2/3

The 3 % 3 array of numbers is called the coefficient matrix to the parameter
A. The matrix contains the coefficients 10 A in the encrgy expressions (4} for
the different orbitals. We define also the coefficient operator {2, by eqn. (6):

P{D,)=0,A (6)
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Since the parameter is only a multiplication factor, ¥( D,) may equally well
he writlen AQA_ As u convention we shall, however, always write the
parameter after the operator as in eqn. (6). We can now alternatively express
the information of matrix (5) by writing the coeflicient matrix (7) alone:

Q& X y Z

x [1/3 0 0

y 173 0 (7)
¢ |0 0 ~2/3

The matrix {7) is the matrix representation of the operator Q;\ with respect
1o our particular basis of p orbitals (eqn. (1)}. The numbers of the matrix are
the matrix elements of Q_\ When each clement is multiplied by the encrgy
parameter A, we obtain the matrix of l}{ £,). The whole example shows how
simple it s to obtain a matrix representation of i Dy) from the symmetry
results of eqn. (3).

The matrices (5) and (7) consist of numbers that are different from zero
only along the diagonul; we say that the matnces are diagonal. Farther, the
sum of the diagonal elements is equal to zero, i.e. the trace of the matrices is
equal to zero. The matrices are traceless. This is a consequence of the
harycentration introduced in connection with the pseudoahsolute energies in
eqn. (3). The diagonality ipplies that our particular p basis functions are
eigenfunctions of V(D,) as well as of Q4. For example, the equality (eqn.

(&)
Oulz) = —(2/3)|2) (8)

can he verified by noting eqn. (9):

(z|Qslz) = —(2/3)zlz) = —2/3 (9)

The fact that the real p functions are eigentunctions of the tetragonal li-
gand field opcrator 4 D,) and thereby of QAL._ was actually already revealed
in egn. (1) where the transformation properties of the three orbitals in the
hierarchy Ry, 2 D, O D,, were given. These properties were alse our reason
for choosing this real set of p orbitals in the first place. The manifestation of
the operators P Dy and QA is fully covered in their matrices (5) and (7).
This is the reason why we do not have to operate with them except in a
rather formal sense. This will be further illustrated in Section B{v). First we
look at operalors from a point of view that may still be considered rather
new in chemistry: orthogonality and normalization of operators.
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(i) Magnitude of an operator and the murual operatar properties of overlap and
orthogonality

The concept of overlap between twe orbitals is well known in chemistry,
The concept of normalization of an orbital is also commonplace, although
the fact that this is the same as requiring the orbital self-overlap to take on a
particular value is less commaonly appreciated. These overlap concepts for
functions can be defined also for operators and this leads, for example, to
such 4 concepl as a complete set of orthonormat operators. This will be
[urther elaborated in Section B(v). Here we restrict ourselves to discussing
pairs of operators, including the special case of two identical operators.

The overlap, or, what is the same, the scalar product, of two operators A
and # is defined by eqn. (10):

(A\B)=Tr(A'B)=Tr(A'B) = L. A",B,

i

= ZATJ'B:';'= ZA:'_;'B:'_;' (10)
if i

For the present purpose we need only consider the [inal result. It is seen that
mairix representations A and B of the two operators are involved. It is
understood that these matrices are set up in the same basis, and in the
present paper the last expression applies because it has been seen to that
only real matrix elements occur. The algorithm is then extremely simple.
One has to take products of corresponding clements of the twe matrices and
then add all the preducts to obtain the operator overlap or scatar product.
The reason that the formalism works 15 that the operator overlap is a scalar
and thus independent of the function busis in which (he matrices of the
operators are set up.

For compleleness we briefly discuss the intermediate expressions in eqgn.
(10). A" means the Hermitian conjugate of A, Tr is an abbreviation of the
word trace which means the sum ol the diagonal elements. '

Operator orthogonality is an extremely important concept that comes into
being as a special case of eqn. (10). When the overlap between two operators
is cqual to zero, we say that the two operators are orthogonal. The concept
of operator orthogonality will be used time and time again in this paper and
in Section E it will turn out o be a major prerequisite and even a condition
for the new guantifications illustrated there.

We next consider the special situation where A = B. The cxpression (10)
then means the self-overlap which is scen to be equal to the sum of the
squares of all the matrix clements. This quantity is also called the norm
square of the operator and its positive square toot 1s called the magnitude
(length) of the operator. If an operator is divided by its magnitude, the
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operator thus obtained i1s said to be normalized to uwnity. In general, an
operator is said to be normalized to its own norm square.

We now apply eqn. (10} to the cases of ’( D) in matrix (5) and Q"‘3 in
matrix (7) to obtain eqns. (11} and (12):

{(V(D) V(D)) =(08]0s8) = (040} 4
=[(1/3Y + (1737 + (- 2/3)] a? = (2/3) 4 (11)

{(QuV(D)y =(0410s)8 = (2/3)8 (12)

Equation (11) shows that 44 D,) and Q& are normalized to (2/3)A% and
(2/3) respectively, while eqn. {12) gives their overlap as (2 /3}A.

The next section can be anticipated in cqn. (13) by rewriting V(D ) in
terms of an irreducible tensor operator N,, normalized to unity when acting
on the p-orbital space, and its associated parameter Nj' whose symbol does
not contain o hat:

V(D) = NiN§ (13)

When F( D,) is written as in eqn. {13), the cxpressions (11) and (12) read as
the expressions {14) and {15) respectively:

(P(D) V(D)) = (M) (14)
(NF|V(Dy)) = N (15)

A comparison of eqns. (11) and (12) with egns. (14) and (15) respectively
shows how the use of normalized operators emphasizes the importance of
the empirical parameters, in this case NJ', of the model.

We finish this section by asking the reader to realize that a unit matrix
and a traceless matrix are mutually orthogonal. This means that an operator
whose matrix representations are preportional to the unit matrix is orthogo-
nal to a traceless operator. When in l-orbital ligand field models, operators
of the former kind are used as energy operators (see Section B(v}), then they
are totally svmmetrical under Ry, i.¢. they have s, symmetry and do not
represent observables within the model. The latier operators, the traceless
oncs, carry the obscrvable energy parameters that make up the cmpirical
part of the model. This will be further discussed in the lollowing section.

fo) Complete sets of operaiors acting on the p-orbiial spuce

In this section we shall begin by discussing general operators acting on
the p-orbital space and eventually show how 1t 15 possible on the basis of
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point group character tables alone tc obtain completely delined explicit
expressions for the ligand field operators for a chemical system of a
particular symmetry,

Just as one may choose a function basis for the p-orbital space, one may
also choose a basis for the operalors acting on this space. An inflinite
number of such operator bases exist but we shall here focus on two special
kinds, one characterized by its simple relationship 10 the funectional basis,
and the other distinguished by referring dircetly to the obscrvable orbital-en-
ergy differences of a chemical system. When we have introduced these two
operator bases and derived their mutual relationship, we shall be able to
compare this relationship with the well-known coupling of angular momenta.
The 1wo kinds of orthonormal operator bases will be denoted by S and N:
the § operators dre called basic operators because they are closely related to
a particular basis of the function space on which they act, while the N
operators are irreducible tensor operators of some group.

Tt will turn out that the ewprebsion for a ligand field operator obtains the
form either ¥, 55,45,, or ZF?N ;\, " where the dummy indices « and 8
refer 1o basis fum.tlons while the dumm),» index I' refers 1o an irreducible
representation of some group and y to its component (see eqn. {13)). In
these expressions, S, and N, I' are energy guantities, i.e. parameters. For a
given syrmuretry of the llgand field and a given function space {here p). the
number of independent ligand field parameters is fixed and (his number is
equal to the number of linearly independent, totally symmetrical operators,
L.e. operators belonging to the unit representation of the point group of the
central atom, taken together with its environment.

A matrix rgpresentation of the most general operator on the p space can
be written as

X ¥ 2
XS So Se
Y [ 3w Sy Sw (16)
7z S S,

where no special conditions have been placed on the nine S-parameters that
define the values of the matrix elements. This means that nine independent
operators are required, one corresponding to each of the nine parameters. in
order 1o span the full space of operators acting on a p space of functions.
There are, of course, an infinite number of ways of choosing a nine-dimen-
sional basis of operators spanning this operator space. but as mentioned
abhove, some choicey are more appealing than others.
One natural choice is that of the basic operators {eqn. (17)):

Seir S Sv Sepe Sixs Sue s Sia Sy (17)

LR ¥y * va Y
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where fm, for example, is defined as in egn. (18):

S = 1%)¢z| (18)

The combination of two sets in the way shown here {for two p sets is called
the formation of the simple tensor product or of the non-commutative
product (see also eqn. (34) in Section (). In the present example the first
factor 1s invariably a ket and the second factor a bra, therchby making the
combination an operator. The operator of eqn. (18) is fully characterized by
having the matrix representation (19):

-

S

w X Y 7
x {0 0 1
y |0 0 O (19)
z 0O O O

As can be seen from eqns. (18) or {19). the operator .S:_w_ has the property
(x| 54, |2y =1, which may alternatively be written either as S, 12y = |x) or
{x| Sy = {z| In either case, §_ is a shift operator that takes one real p
function into another. Simularly, S, acts on 1z) to produce |z) again so
that S, —{S,)% S, is called an idempotent which means that it can be
used any number of times with the same result. It is also called the
projection operator of z because if it acts on a linear combination of p
functions. for example, az + 8y, where « and § are numbers, then its result
18 az, i.e. it has " projected” out the z part of the linear combination.

The most general operator on a p-orbital space can be written as the
lineur combination {203 of basic operators:

~

S+ Sy Sy + 8,8, +

- ~
¥rtlrz L

S Sy S+ S S+ SS + 8,8, + S8,
{20)

The representation of this operator in our standard p function basis is the
matrix (16), The basic operators of set {17) are dimensionless, and conse-
quently the associated parameters have the dimension of the total operator
of the form {20).

Referring te the discussion in Section B(iv), it is easily seen that the basic
operators of set {(17) make up an orthonormal operator hasis on the p space.
The completeness of tlus basis withun the p space is the same as the
generality of the operator (20},

It is useful for us to note the resemblance between orthonormal sets of
funciions and those of operators, Let us as an example consider the two
operators, S‘j“ and $,,, that form an orthonormal operator subspace of the



194

operator space (17). If & and £ are real numbers and a® + #2=1, then the
two linear combinations of §,, and §,,

aS,:xx + BSA_W

85, — oS 2y

form a new orthonormal set of operators spanning the same subspace. The
property of operator spaces {(and subspaces) exemplified in conncction with
expression (21) will be of immediate use to us when permutational symmetry
breaks up the set (17) into the mutually orthogonal subsets (22) and (23).

When our interest is in energy operators (or more generally in operators
corresponding to observables), the demand of real eigenvalues imposes the
constraint on the operators, that they be Hermitian, or. in our case where
the function bases are invariably real, that they have symmetrical martrix
representations. This is not a property of all the operators of set (17). The
maximum number of independent Hermitian operators that can be con-
structed from the set of basic operators 15 six. These have been wrnitten out as
the set (22) and they include the permutationally symmetrical and normal-
ized linear combinations of basic operators of sct (17):

SA}U& H §w' §?J.‘ 'l'l.l.lﬁ[‘s):.\cy -+ S‘:,\( J‘ ]n’;r‘lhﬁ(‘s':xz + ‘S:zx ] . ‘\"Ilﬁ(‘g\? + §z_\f ) (22)

The three operators. which hereby are excluded as energy operators and
which together with the six operators of set (22) form an orthonormal set
that spans the same space as the set (17), are then naturally chosen as the
permutationally antisvmmetric ones of sct (23):

72(Sy = Sl /T72 (S0~ S0). (T72(S, - 5. (23)

We have now redistributed the members of the operator space (17)
according to their permutational symmetry. We then look at their spatial
symmetry. First we consider the component operators of set (17) and note
that we have used the standard basis (eqn. (1)) for the p space of functions
to construct them. This standard orbital set has thc property that its
individuat functions transform irreducibly under the point group D,,. Since
the irreducible representations of I, are all one-dimensional, the operators
Scﬂﬁ of set (17} also transform irreducibly under D., when & and 8 refer to
the standard set (1). and the immediate conclusion is that the first three
operators of set {17), the idempotents, transform as A (Dy) and the six
others pair-wise as Bi,( Dy, ), By (Dyy) and By (Ihy,,) respectively. By re-ex-
aminng sets (22} and (23} in the light of this conclusion, it is further seen
that the permutational symmetry adaptation does not influence the spatial
one. This means that the permutational symmetry adaptation takes place
inside the pairs that contain components of equal spatial symmetry.
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Until now we have been concerned with the spatial symmetry under Dy
only. However, the p-function basis and thereby the operator basis has a
much higher symmetry: the p functions transform as the three-dimensional
irreducible representation p, of R. Using this we shall be able to symme-
try-characterize in R, also the set ol all operators acting on p space, just as
we did above in D,

The formation of the set of all ordered ket bra juxtapositions {products)
of components of two p sets is called the formation of the tensor praduct of
these sets. This tensor product spans a gerade reducible representation of
R that may be reduced to three irreducible subsets. This statement is
cxpressed in egn. (24) apart from the parities (see below):

ipy e {pl=[Ip}pIl e ipi{pll"®[IpHpI]" (24)

In egn. (24}, set nolation has been used. |} means the orthonormal set of ail
the kets and { | the orthonormal set of all the bras. ® denotes the formation
of the tensor product, and & denotes the tensor sum (a sum ol se1s). The
left-hand expression of eqn. (24) is thus a short-hand way of writing the set
of the nine | }{ |-type (S-type) orthonormal operators * of set (17). The
right-hand expression is a symmetry reformulation of the well-known veclor
coupling rule result from atoms that the tensor product of two p-sets 1s equal
to the tensor sum of three sets of s, p und d lypes respectively, where these
symbols refer to the one-dimensional. the three-dimensional and the five-di-
mensional irreducible representation of the group R,

The first term [ |p}{p|]® is thus the spherically symmetrical, normalized
linear combination of the S operators of set (17} and it is actually equal to
the algebraic sum of the first three operators of set {17), normalized by being
multiplied by the fuctor 1.m This factor is the so-called Clebsch Gordan
coefficient, a number. Tt is normally written as (px px|s) = {(pypy|s} =
{pr.pz|s> and is, for example. equal [1] 10 the operator overlap
(S:u_ I[1pHPpI]*}. The second term | |p}{p|]® has been underlined to signify
that this lerm is permutationally anusymnietrical. Since in this particular
case, | |p}{p|[]" is the only antisymmetrical set in tensor product space. ifs
orthonormal components were already isolated in set (23) as a consequence
of the permutational symmetry adaptation. In sc1 (233 the components oceur
in the order [|p}{p 1%, [1p}{p ]} and [ip}{p|]i respectively. referring 1o
eqn. (1). Incidentally, the three last operators of set (22) are the orthonormal
components [ |p}{p|l¢. [Ip}{p1]% and [|p}{p|]{ respectively, referring to

* [t is customary to use lower-case letiers for anc-electron functions and capital letters for all
other purpuses. We have chosen to use lower-case letters alse for irreducible representa-
tions associated with one-electran operators.
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eqn. (2). The two remaining operators must teansform as [|p}{p|]§ and
[p}{p|]}? with reference to eqn. {(2). and these operators must be orthonor-
mal linear combinations of the first three operators of set (22). Their explicit
expressions will he derived shortly. All the operators of set {23) have gerade
inversion symmetry because they are tensor products of two ungerade scts
(sce also Scction B(vi}). In spite of the gerade symmetry, the set [|p}{p|]®
cannot, as already discussed above, be used as cnergy operators because of
their permutational antisymmetry.

Referring to the last remarks in Scction B(iv), the opcrater [|p}{p|]*
carrigs the whole trace [22, p. 251] of the set (22) and has therefore no
observable consequences in a ligand field context. It is the five operators of
IlpHp|]" type that are traceless and therefore ure potentially able to cacry
ligand ficld observables.

We are therefore now able to conclude that in the most general ligand
field on a p space. re. a hield withoul any symmetry at all, there are five
linearly independent operators that may correspond to observables, and
these five operators span a d space. We have thus limited our problem to
some extent. In set (22) we have a set of six operators that can be used as a
basis for the most general ligand field operator, but though the operators of
set (22) are fully symmetry adapted with respeci to their permutational
symmetry, thus is only partially true with respect to their spatial symmetry.
We now proceed by returning to the general operator (203 in order to
lustrate a property of 1t which will be used in performing the spatial
symmetry adaptation.

So far we have mainly been concerned with the operator basis for energy
operators rather than with the energy operators themselves. We aim at
finding the latter for a particular chemical situation. In order (o progress, we
focus attention upon an operator that may exemplify an energy operator
and note the identity (25) for a® + 8- = 1:

5.0 + S8, =[S, + 85, )aS,, + BS,,) + [ BS, — aS,. J(BS,, — aS,,)
(25)

Thas 1dentity illustrates the statement that any orthogonal transformation of
the ordered set of component operators of a general operator () implies
the same orthogonal transformation of the ordered parameters associated
with the operators. The reverse implication is also true [2.3], and we shali use
this in the following as one of the means of performing our spatial symmetry
adaptation.

As an example we consider a chemical system of orthorhombic rotational
symmetry D,. We choose the ¢, axes of D, as the Cartesian gxes X, ¥ and
Z which define the p-orbital set (l). With this choice the ligand field
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operator W( D) of the form {20) hus only three terms since each lerm has to
have the full symmetry of the chemjml system. Le. A( ), and this is only
truc of the idempotent operators S“, S and S, as discussed in connection

with the spatial symmetry properties of the operators of sets (17) and (22).
Wi( D;) then has the form

WD) =S, 8, +8,5.+85,8 (26)

v vy 77 ur

LF®

where (\|W{D )|xy =S, is the energy of the p, orbital perturbed by
W(Dz). Equation {26} 1s the expression [or the ligand hHeld operator in terms
of basic operators. We now proceed with the aim ol obtaining the expression
for the same operator W(D,) in terms of hierarchic irreducible tensor
operators.

Firstly we have to establish a svmmetry hierarchy. The situation is the
following. We begin with a set of unperturbed p orbitals, i.e. p orbitals in
spherical symmetry R ;. where they make a basis for the three-dimensional
irreducible representation. We now gradually reduce the symmetry passing
through the octahedral rotation group 0 and the dihedral tetragonal rota-
tion group D, to the holohedral orthorhombic rotation group D.. Character
tables for these groups immediately tell us that the p set transforms as 1;{0),
as e[ D)) @ as(D,) and as b;( Dy} @ b,( ;) @ b(D;). In Fig, 2 these symme-
try results are illustrated by depicting the hierarchic splittings associated
with our ligand field operator W( D, ). This total orthorhombic operator may
accordingly be written as in egn. (27} where P{ D,) is now the orthorhombic
part of the total perturbation:

W(D;) = W(0)+ V(D,) + V(D) (27)
This lowest symmetry part 7 B,) of the ligand field dictates the symmetry

- GQ'D;,] - b1_[D'2}

- b,{D,}
- 5 elbd — b,{D;)
R;, 0 D, D,

Fig. 2. Symmetry-based orbital energy level diagram for p electrons. The p-orbital basis
{x.y. .{} {see eyn. {1 i symmetry adapted w the group hicrarchy Ry 2O = Dy o D,. This
figure, apart from showing the transformution properties of the p set on descent in symmetry,
also shows, with signs, the ligand field splittings. associated with the teiragonal and the
orthorhombic field components. The diagram thereby completely delines the higrarchic
irreducible tensorial operators, inctuding their signs. as discussed in Section B(v).
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of the total field W( D,). The three terms on the right-hand side of eqn. (27)
must now be found among the six operators of [ [p}{p{l*@[Ip}{p[]* as
discussed 1in connection with egn. {24},

Looking at Fig. 2, we observe that the orthorhombic splitting of the
orbital level e( Dy} i3 8, S.. The associated 1 operator 18 therefore (see cqn.
(250 S - S . the normahzcd OpErator is yl/Z(S S'__ ) and the ortho-
rhombu, part to the total energy operator is then as given in eqn. {28);

'}( 1)2) = 1"]_/2 (‘§ - 'S::x;] '-":.] /2 (SW - Sx‘()

=172 (S = SyW1/2 (8= Syy) {28)

The purpose of the last part of this equation is to iltustrate the fact that
there is no chemistry in the sign defining the splitting operator. There is only
convention. However, once such a convention has been made, then there is
chemistry in the sign of the associated empirical parameter. In eqn. (28) the
first expression, combined with a positive empirical energy parameter, leads
to the splitting situation shown in Fig. 2. Further. we note that the operator
of eqn. (28} transforms under all rotations and reflections under Ry as the d
orbital d_ of eqn. (2). What is especially important here is that this operator
is non-todally symmetrical in the groups (2 and D, but (otally symmetrical
in D, ie. has a(D,) symmetry. The operator 1s the component N =
[Ip}{p )¢ of the set [Ip}{p|]” in eqn. (24).

By analogy [2.3) to the method used for obtaining eqn. (28). we obtain
eqns. (29) and {30):

'/ D } - \1/6 ( DNy T Sxx - ‘<‘;}')‘r"{1 /6 (ZS'H - Sxx - S)'}') = ‘?\73‘1!\(.6;‘1 (29]

W) =1/3(S, + Su + S 173 (S, + Sy + S b = N°N°
= P(R,) + P(0){30)

We have now finished developing the ligund field operators of eqn. (27) in
terms of the basic operators. The linear combinations that we have obtained

g so-called irtreducible tensor operators of R and the cacfficients ta the
hasic operators in the linear combinations are the so-called coupling coeffi-
cients or Clebsch—Gordan coetficients ol this group. The irreducible tensor
operators are the N operators mentioned at the heginning of this section and
the three terms of eqn. (27) can then be rewritten as in eqn. {31} using eqn.
(30}, eqn. (29) and eqn. {28} respectively:

W(D,) = N'N* + NiNS + NONS (31)
The first term on the right-hand side is W(O) of octahcdra symmetry, but

because of the restriction that lies in the fact that W/( D, acls on p orbatals,
W(0) has spherical symmetry or s svmmetry. The svmmetry of the tetrago-
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nal operdtm N2 is also too high because of the restricted space on which it
acts, and Ns has cyhindrical symmetry, or symmetry a,{..) as does the do
orbital of eqn. (2). )

The symmetry operator part of W(D,) embodies only the three permuta-
tionally symmetrical operators of set (17), the idempotents, since they are
the only ones that are totally symmetrical in 2,. One of these will now bhe
written out explicitly to show how we have actually derived Clebsch—Gardan
coefficients by our procedure,

The Clcbsch—Gordan cocfficients are, as also mentioned above, expan-
sion coefficients of an orthogonal transformation. The use of the notation
¢ | » should, by anaiogy with the usual bra(ciket notation, be thought of
as an overlap or a scalar product. In this specific case, the bra side contains
one of the tensor product operators of the orthonormal operator set (17} and
the ket side a component of the complete erthonormal set of R, symmetry-
adapted operators.

We have, for example, for the second symmetry operator of eqns. (27) and
{31) by using the numerical results of eqn. {29):

LIp}pI]5

{pz D2 |d8) [2¢2] +(px px |d8) x)(x |+ {py Py 48} |¥)(y |

=\2/3 |2)(e| —y1/6 1x) (x| —{1/6 |y3(y|

3738, V1765, (T/6S, (32)

o
N.‘?

where the coefficients to the § operators are the Clebsch—Gordan coeffi-
cients of &, which are required to obtain the d@ compeonent of the tensor
product of the two real standard p sets. * Incidentally, these coelficients
alse apply w the group @, and simularly the coellicients occurring in egn.
(28), which are of [ |p{ RO }{p(R ) 11* (or simply LipHp ) type in R,
of [Nt (or simply [|t;}{t,]]) type in @ and of
[le( DY el P,) 172 (or simply [ |e}{e]]™) type in D,. are simultaneously
C]chsch—Gordan cocificients of R,, O and D, respectivelv. It may be
ohserved that the operator of b,(Dy)a(D;) symmetry has no component
designation. This is because b,{.D,) is one-dimensionai so that the concept
of component 1s trivial. As we saw in connection with eqn, (28), the signs of
the coefficients have a certam arbitrariness attached to them and it turns out

* It is a fcature of the orthogonal transformation that the sum of the squares of the
coefficients to 4 given opcmtor is m»anahl) eyual (o urity. For C‘ialllplt ,S_,_z oceurs only in
J\p’“—[|]'>}{p| and in '\-'a ={|p}1ﬁp|]lg In N* its coefficient is v1/3 as discussed in
conneclion with egn. (24, and in Ay its coelficient is ﬂ ‘3 according to cgn. (32) 50 that
the square sum of the coelfigients is equal 10 unity.
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that if phase fixalion is established using the proposals of ref. 22, then the
signs of the coefficients of eqn. (28) depend on whether they are considered
to be D, coefficients {(top row) or R,. O coefficients (bottom row). By the
hierarchic irreducible tensor operators [3], we mean, using this particular
example, the octahedral tensor operator [[4,(O) {1, (V118D = [ [t }{t, |15
of tetragonal symmetry, giving the tetragonal splitting, and the tetragonal
tensor operator [|el D)} {e( D" ={|e}{e[1™ of orthorhombic sym-
metry, giving the orthorhombic splitting. Our phase-lixauon procedure of
ref. 22 then leads to the signs of the top row in egn. (28) {sce also Fig. 2).

In closing this section we point out thal the detailed form of the
symmetry operators (28), {(29) and (30) was obtained here by using only the
results given in Tig. 2, which are obtainable from character tables of the
groups. The group hierarchy is enough to define the particular function
bascs necessary to specify the coefficients of the basic operators and thereby
the particular coupling coefficients for R,, O and D,. It is penerally true
that the necessary coupling coefficients for the purpose, apart from their
phase, can be obtained in this way.

(vi) Function space and holohedral rotational point group symmetry

Functions of 17 configurations always have gerade inversion symmetry
except when { and g simultancously are odd, in which case the 17 functions
have ungerade inversion symmetry. In other words. 19 functions are always
eigenfunctions of the inversion operator &, and since in any concrete
chemical application / and g are fived, the parametrical ¥ model s
invariably concerned with functions of one particular parity. This means
that only the gerade part of any model Hamiltonian will give a non-vanish-
ing contribution to the energy matrix elements or, what amounts to the same
thing, the effective I{amiltonian of the 19 mode! always has gerade inversion
symmetry.

The Hamiltonian for a complex has the same symmetry as the complex
itseif, and if the pont group of the complex does not contain inversion, then
its lHamiltonian may be expressed as a sum of g and u parts. The former is
the effective part of the Hamiltonian within the 19 space ({ and ¢ fixed) and
the latter has only vanishing matrix clements within this space. In order to
find the svmmetry of the effective part of the Hamiltonian. it is useful to
introduce an artificial centre of inversion into the complex. An example will
illustrate the procedure.

Bromine trifluoride is T-shaped and its point group is ¢5,. The Hamilto-
nian therefore has the symmetry C,,. or. put in another way. the Hamilto-
nian transforms as the totally symmetrical representation A, of the group
C,,. H an anificial system is formed by the introduction of a centre of
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inversion, then the symmetry group of this system is found as the direct
product of the two commuting point groups €, and §,. the hemihedral
orthorhombic group and the inversion group. This direct product is D,
Provided that the original Hanultonian has been symmetry adapted to D,,,
le. wrilten as a linear combination of terms belonging to irreducible
representations of this group, then it contains only two kinds of terms. These
kinds belong to cither A,(D,,) or B, (Dy,) since these arc the only
irreducible representations of Dy, that transform as A (., ) in the subgroup
;.. Of these two kinds of Hamiltoman terms. the gerade term, that of
A, (Dy,) symmetry, contains the effective Hamiltonian on the 14 space.

We have here seen how the Inversion symmelry restriction on the function
space carries over 10 the Hamiltonian operator whose effective symmetry is
increased from A ((5,) to A, ( Dyy,). This higher effective symmetry has been
called the holohedral symmetry (in this case the holohedral orthorhombic
pomt group which is the orthorhombic point group that allows the highest
number of kinds of faces possible in the orthorhombic crystal class) in an
abstract sense and the holohedrized symmetry in a concrete sense where the
effective operator is extracted or projected out explicitly.

Since, as we have secn, the parities of the function space and of the
effective 1{amiltonian are trivially fixed within the parametrical 1¥ model,
the inversion symmetry can hereafter be ignored and the rotation group of
the holohedral group ol a complex can be used for classifying lMunctions and
operators. This group may be called the holohedral rotation group and in
the casc of our ¢xample of BrF, this group is D,.

It is advantageous that the elfective symmetry of our problem is a pure
rotation point group because for these groups particularly simple phase-fix-
ing rules for coupling coeflicients have been devised [22]. These rules fix the
signs of the hierarchic irreducible tensor operators of the observable ligand
field as discussed in connection with eqn. (28).

(vii) The holistic and the partitioned view of the ligand field. An example of a
difference in effective symmetry

It has been understood untit now that the ligand ficld was conceived from
the holistic point of view where the individuality of the ligands is not a part
of the model, but where the symmetries of the function space and of the
central ion plus its ligands form the complete symmetry basis ol the
Hamiltonian. This view is also referred (o as the non-addiuve field model.

The ligand field can alternatively be conceived from the partitioned point
of view: it then consists of parts and the total ligand field operator is written
as a sum of terms either referring to the individual coordinating atoms
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(ligators) or to the individual ligands or groups of ligands. This view is
usually referred to as the additive field model.

The holohedral rotation point group of a ligand field, and thereby the
effective symmetry, sometimes depends on whether the holistic or the
partitioned, the non-additive or the additive, view is taken. The reason for
this is that the holistic view only knows symmetry while the partitioned view
also knows geomelry and embodies ligand- ligand positional relationships.
These relationships [10] in general involve the angular positions of ligators
(¢ and ¢) as well as orientational angles of the ligands (4). Since this paper
is mainly concerned with holistic ligand fields. we restrict ourselves 1o o
single example of how the effective symmetry may depend on the deserip-
tion adopted.

We choose the angular molecule BrF,™ whose symmetry is (', irrespective
of the valence angle at Br, and whose holohedral rotation group from a
holistic point of view therefore 1s alwavs D, (sec Section B{vi)). However, if
the partitioned view is taken for BrF] and if the valence angle at Br
happens to be exactly 90°, then the holohedral rotation symmetry of Bris'
increases to Iy, The reason [or this is that the introduction of a centre of
inversion transforms BrF," of symmetry C,, to Br(F, ,); of symmetry Dy,
Here the symbol F, , refers to the perturbation effect of one half F. Since
these results concerning the holohedral rotation group are not black and
white when applied o the eltective Hamillontan, 1t can be concluded that
for BrF, with a valence angle slightly different from 90°, P{D,) is much
greater than I}( D.y (see eqn. (27)). Further. thus latier statement can be
quantified by (,nmpdrmg, the norm sguares of the 1wo operalors (2] as
illusirated for ¥{ D, ) and the repulsion operator ¢, D in Sections E(iii) and
E(iv}.

foifty The p-only. o-only Angular Overlop Model. Global and local p-orbital
buses

As already mentioned, guantitative ligund field theory consists of em-
pirical parameters whose coeflicients arc theorctical and, lor sysiems of high
symmelry, symmetry determined i a non-trivial way, In this semiempirical
modcl, the empirical parameters are determined from the ligand field spectra
and may in principle take any values and any signs. It is therefore remark-
able that a partitioned view of the higand field is useful in inorganic practice.
This view is in the general case, a more restricted version of the ligand field
in which this is written as a sum of contributions from the individual
ligands, the so-called additive ligand field. 1t 15 remarkable that the parti-
tioned view, combined with an extremely simple model of chemical bonding,
can be uscd to predict, at leust gqualitatively, the speciral properties of
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complexes. To our knowledge there is no exceplion as yet to a correct
prediction of the sign of the main splitting of an | orbital set using the l-only,
g-only Angular Overlap Model. This section therefore gives these predictions
of the p-only, o-only model for our p* and p? examples XeF, and XcF,
respectively. The discussion that follows will be used further to illustrate the
concept of local function bases and their relationships to the conventional
global basis already discussed in the previous sections.

In the p* system XeF, of symmetry D_, the global and local bases
coincide, The Z axis is chosen as the o5 axis, and the p, orbital of xenon has
the symmetry a,,(D,,), or, in other words, o symmetry. The p, and p,
orbitals together make up the e, (D, ) set or & set. This was the characteri-
zation of the p basis from the point of view of the symmetry of the whole
molecule; the global basis.

Alternatively, if we look at the same xenon p hasis from the point of view
of its bonding capability relative to the two fluorine ligands, then the p,
orbital, being 100% a* () in character, has a perfect angular overlap with
the ¢ orbitals, o, and o,, of the two fluorine atoms while the {p,,p,} set,
being 100% =(C_.} in character, has a perfect angular overlap with ap-
propriately chosen fluorine # orbitals.

Perturbed now by the g-bonding interaction, the energies of the antibond-
ing, essentially xenon p, and the non-bonding xenon {p,.p.} are according
to the p-only, c-only Angular Overlap Model cqual to 2e, and { respec-
lively. The factor 2 arises from the two fluorine ligands each of which
contributes ¢, to the antibonding encrgy of p,. Therefore the splitting
pattern is that shown in Fig. 3, i.e. the opposite to that shown in Fig, 1.

In this g-only model, each fluorine atom provides one valence electron to
the system, and in addition one has to account for all the eight electrons of
the xenon valence shell. The xenon s orbital and the (o, — a,) orbital of the

— o AA

Rs Dw

Fig. 3, The p-orbital level splitting inveried relative to that in Fig. 1. The sign shown is that
expected for a lincar molecule such as XeF,. The sign here refers to positive values of the
parameter N, associated with the phase-fixed irreducible tensor operalor N (see eqn. (32)).
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fluorine atoms, both of symmetry a, (D ;). have an energetically un-
favourable encounter resuiting from overlap and interaction between two
filled orbitals, and they account for four out of the ten valence electrons.
The bonding combination of xenon p, and fluorine (¢, —a,) contains
anather two electrons and provide a bond order of one half to each Xe-F
bond. The non-bonding xenon {p,,p,} sct contains the remaining four
electrons and thus substantiates the book-keeper characterization of XeF, as
a p* system [19].

In the p® system XeF, of symmetry D, the global coordinate system is
chosen according to convention so that the Z uxis coincides with the
principal axis of the molecule, in this case the fourfold axis. Further, we
choose the X and Y axes so that ecach passes through two fluorine atoms.
The XYZ coordinate system is now the global coordinate system relative to
which the standard sets of p orbitals of eqn. (1) and of d operators
transforming as the d functions of eqn. (2) are defined and used in the
holistic description of the ligand field. The p, orbital is the pa orbital, when
described in this coordinate system, the set {p..p, ) is the pr set, and the
symbols ¢ and # do not in this context reler 10 the individual xenon-to-fluo-
rin¢ bonds. IHowever, as found in Scction B(v), a ligand field of symmetry
D, acting on p orbitals, has the symmetry D_, or in other words, cylindrical
symmetry so that the concepts o and 7 refer to irreducible representations
of the point group of the effective Hamiltonian and thereby to the symme-
tries of eigenstates.

Let us then fook at the p? system of symmetry 2, from the point of view
of the individual Xe-F bonds—the four local views. Let us first focus
attention at the fluerine atoms on the X axis. From their point of view the
xenon p, orbital is a 100% a orbital while the set {p,.p,} mukes up a perfect
7 set. The p, orbital becomes antibonding with an encrgy 2e,, ¢, from each
fluprine atom on the X axis. Similarly, the xenon p, orbiial is a 100% o
orbital for the two fluorine ions on the Y axis and its energy will also be 2e..
Since all the four fluorine atoms are situated in the nodal plane of xenon p,,
this orbital will be non-bonding in the g-only medel. In conclusion the
splitting pattern will be that shown in Fig. 1, with the orhital set {p,.p,}
degenerate at energy 2¢, and the orbital p, at energy zero. '

The conceptual point that we want to make by this example of Xek, is
the relativity of the symmetry concepts of ¢ and #. A central ion orbital
may be a o orbital when referred to the global coordinate system and a #
orbital when referred to one or more of the local coordinate systems that
define also the local central 1on bases.

In this connection, it is important 1o realize that if the ligand field is
viewed as partitioned into contributions from different parts of the ligand
system, then addition of these contributions cannot be made unless they are
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first referred to some common basis, the giobal basis. Reference to this
common basis may be obtained by means of the mathcmatical framework
used with the Angular Overlap Model [10].

Finally, we shall add some chemical remarks. There is an analogy between
XeF, and XeF, on the one hand and CrCl{~ and CoCl; on the other hand.
The (wo xenon compounds have elfectively an axiul higand field which for p
orbitals is represenied by one parameter. According to the p-only, c-only
Angular Overlap Model, this parameter has the opposite sign for the two
molecules which have p? configurations which add up to a full p shell, a p°
shell. These three correlative properties. marked in italics, are analogous to
those of the d svstems of holohedral symmetry O, mentioned above. and
result in identical ligand field cnergy diagrams as will be discussed further in
Section E(iv}.

The classification of these xenon uand bromine fluordes as p” systems
[19.23] and the use of the Angular Overlap Model in connection with a
discussion of their bonding situation [24.25] is not new with us. However,
the use of the holistic ligand field on these systems is new but only a minor
consideration of the present paper. For high symmetry systems. it is always
illuminating to have both the hoelistic and the partitioned view. When we
have used the term “l-only model”, particularly for the present purpose
where the meaning is “p-only model”, it is because s orbitals are somelimes
likely to play an important role at least with respect 10 the slereochemistry
of these p? systems [24,23].

C. THE p* CONFIGURATIONS IN A TETRAGONAL LIGAND FIELD

In Section B we discussed the action of ligand ficlds of different symme-
tries on the p-orbital space. It was shown that the transformation properties
of the three p orbitals allowed one 1o deduce if and how the p-orbital level is
split by the action of a field. In this section we shall focus on a field of
tetragonal symmetry which splits the p sel of orbitals {x,y.z} inio z spanning
the irreducible representation a,(£,) and the set {x.y} spanning e( D,). The
tetragonal lipand field P{D,) is. at least in principle, observable and the
energy difference between the x and y orbitals and the z orbital is cxpressed
by the parameter A {see Fig. 1 and cqn. (3)).

The purpose af this scction is to extend these results to systems with more
than onc p electron. Firstly, we shall include the electron spin in the
one-electron wavefunctions and thereby go [rom the three-dimensional
p-orbital space to the six-dimensional p-spin-orbital space which is the space
of the p' conliguration. Secondly, we shall consider the many-electron
wavelunctions corresponding to the p* and p” configurations. In spite of the
fact that the ligand field operator deoes not contain ¢lectron spin. spin
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influences the form of the many-eleciron wavefunctions and the number of
p? states through the Pauli principle.

Most of what is said in this scction is well known from textbooks,
However, the function space on which ligand field operators act is almost
always implied in texibooks as well as in scientific papers. Tn orthonormal
operators’ modelling, special focus on the function space is necessary, and it
is the main purpose of this section 1 emphasize this necessily.

{i} The p' configuration

Since the ligand field operator does not contain spin, knowledge about ity
action on the p-orbital space can easily be generalized to knowledge about
its action on the p-spin-orbital space.

Each of the three p orbitals may be combined with cither a spin-up spin
function (e} or a spin-down spin function (8). For the z orbital. for
example, we thus obtain za with m_=1,/2 and zf# with m_ = —1/2 both of
which have the same ligand field energy. The matrix (33) for the tetragonal
ligand field coefficient operator Qa in the spin-orbital basis 1s therefore
simply made by doubling up the matrix {7):

0. xa ya za xB ¥B  zB

xa [1/3 0 0 0 0 o |

ya |0 13 0 0 0 0

za | O 0 - 2/3 0 0 0 (33)
o 0 0 1/3 0 0

v o 0 0 0 1/3 0

By 0 0 0 0 —-2/3 |

All matrix elements between spin orbitals of different m values vanish due
to the orthogonality of the two spin [unctions. The norm square of the
matrix {33) is equa! to 4/3 which of course is twice the value found for the
matrix (7. The six spin orbitals that are basis functions of the matrix (33)
span the space of the p' configuration.

The step of going from the p-orbiial space ta the p-spin-orbital space or
the p' configuration space is an important step since this space is the natural
foundation for the normalization of one-electron operators on pY spaces.
There is yet another reason for this, namely, that a general normalization of
all one-electron operators, not only ligand field operators, can thereby be
obtained {see eyn. (¥9)). The existence of operators, which, like the spin-orbit
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coupling operator [4], act on both the spin part and the orhital part of the
space, alse makes the spin-orbiial space the natural foundation.

(it} The strong-field limit of the p” configuration. Permutational antisymmetry

A main group molecule such as, for cxample, the square-planar XeF, is
hest conceived in the parametrical p? modcl as a p® electronic system with
tetragonal symmetry (sce Section B(viii}). In order to describe such a system,
wec have to investigate how a tetragonal higand field acts on two-electron
functions. We first examine the simple orbital product functions and then
include spin to obtain all those functions that are allowed by the Pauli
principle, t.e. those which are antisymmetric with respect to permutation of
two electrons.

We first look at the non-commutative or tensor product (sometimes called
direct product) of a p set {x,y,z} which 1s itself given in eqn. (34):

PODP=XXDYYBRZOXZP X DYyX B xyDzy D vz (34)

Here zx could, for example, with a more detailed notation be written as
z{1)x({2) since it means the product of the p, orbital, occupied by electron
number 1, and the p, orbital, cccupied by electron number 2. Because of
these electron coordinates, which are understood. zx is not the same 45 x7 so
that zx — x7 is different from zero. Here the nen-commutativity is caused by
the fact that the first factor refers to a particle different from that referred to
by the second factor.

Let us classify the nine product functions of eqn. (34) according to their
ligand ficld energics obtained as a sum of the individual orbital energics (sec
Fig. 1)

e’ @' XX, Vyy. Xy, ¥x (2/3)A
e, mo  xz.zx,zy,yz —(1/3)A (35)
azz e’ 7z —(4/31A

In array (35) the D, and P, subconfigurations of p® are stated in the first
two columns, the non-commutative product functions in the third and their
energies in the fourth column. The barycentre rule that applies to the
onc-electron [unctions automatically carrics over to the two-clectron func-
tions and the sum of the nine encrgies is therefore zero.

Because of the indistinguishability of electrons, zx and xz, for example,
could never have been proper two-electron functions. However, the func-
tions zx + xz and zx — xz, which are symmetrical and antisymmetrical
respectively to permutation of the two electrons, have squared values that
are invariant to this permutation and these are therefore proper two-electron
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space functions. In array (36), all the functivns have been rewritten in
permutationally symmetry-adapted and still normalized form:

2 2

c w2 xx, yy. v1/2 (xy + yx}, /1,2 {xy — yx) (2/3A
ca, 7o u{/i(zx + Xz}, -ﬂﬁ[zx — X7}, ~(1/3)A (36)
i1/2(yz+2y). ¢1/2 (yz - zy)

al o' o« —{4/3)A

The Pauli principle requires the tolal two-tlectron functions to be anti-
symmetrical to permutation of the two electrons. This can be achieved either
by having a symmetrical space function combined with (i.c. multiplied by)
an antisymmetrical spin function or vice versa. The three space functions of
array (36) containing minus signs are antisymmetrical while the remaining
ones are symmetrical. The six symmetrical space functions have to bhe
combined with the antisymmetrical spin function, the spin singlet function,
of eqn. (37)

172 (aB - Ba) Mz=0 (37)

whale the three antisymmetrical space functions have (o be combined with
symmetrical spin functions of which there are three:

an Me=1
V1/2(af+Ba) Ms=0 (38)
B8 M= -1

Together, these three functions form a set of eigenfunctions of $* with the
eigenvalue § =1 and therefore 25 + 1 = 3, i.e. a set of spin-triplet {functions.

The following classification of the Pauli-allowed two-electron functions of
the p* configuration may be made. The subconfiguration e? consists of the
three spatially symmetrical functions, counting as three, and the antisym-
metrical one, also counting as threc, because of spin, giving altogether six
functions. This number is equal to (3) = 6 which is the number of times two
electrons can be accomodated in the four spin orbitals (of e type). The
subconfiguration ea, is not Pauli restricted and therefore contains 4 X 2 =8
functions altogether. Finally, there is the subconfiguration a3 consisting of
one symmetrical space function, which, when combined with the proper
antisymmetrical spin function gives rise 1o only one function. Adding up the
number of allowed functions over the three subconlgurations, one oblains
6+ &+ 1 =15 which is (5), i.e. the number of times 1wo electrons can he
accomodated in the six spin orbitals {of p rype). All the two-electron
functions we have been concerned with here are the so-called tetragonal
strong-field functicons.
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The 15 % 15 matrix of Qaﬁ over p’ in the subconfiguration basis can now
in an abbreviated form be written as matrix {39):

0. ¢ ea, a’
6 e’ [2/3 0 0
& ea, |0 —1/3 ] A {39)
1 a) |0 0 —4/3

where the barvcentre rule again can be seen to apply, provided the weight
factors given to the left of the matrix arc obscrved. Including these, the
norm square of g, may be calculated as in eqn. {40):

(031040 =6(2/3)" +8(=1/3) + 1(—4/3)" = 16,3 =4(4/3) (40)

This result shows that the norm square of (:)A over the p* conliguration is
four times that found for Q_,‘ over the p' configuration (see the matrix (33)).
This factor of 4 on going from the p' to the p* function space is general for
one-clectron operators (see Section E(iii)).

The subconfiguration basis of matrix {39) makes up the tetragonal
strong-field basis of the p* configuration. The strong-field basis is in this
case completely defined by being the cigenbasis of the tetragonal ligand ficld
operator ¥(D,} and its identity to the basis of matrix {39) is therefore
established by the diagonality of this matrix. As opposed to strong-field
hases, we have weak-field bases which in most cases are eigenbases of the
interelectronic repulsion. We shall return to the properties of both strong-
field and weak-field bascs in Scetions D and E. '

{iti) The p’ configuration

We shall not here discuss the p’ configuration in much detail since it is of
little chemical interest. Being an odd-electron configuration, very few, if any,
molecules are known which may be described as p’ systems although. of
course, several atoms and ions are p° systems, e.g. the nitrogen atom,

We shall therefore in the usnal brief form simply state the 20 X 20 matrix
(41) of the tetragonal ligand field operator P D) in the strong-ficld basis
and add a few commenis:

O & ela, eal
a &1 a0 o
12e%a, | 0 0 01 A {41)
4 et | 0 0 -1
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The non-existence of the subconfiguration a’} is an obvious consequence of
the Pauli principle for the p’ conliguration. The subconliguration e*a, has
the ligand field energy zero since the barycentration requires the o, orbital
to be stabilized twice as much as the ¢ orbitals are destabilized (see Fig. 1
and eqn. {3)). .

The matrix of ¢, is as usual barycentred and its norm square is equal to
eight which may be compared with the value 4 /3 found for the p' configura-
tion. Generally, the norm square will increase when the dimension of the
space increases. In Section E(ili) the relation between the norm square of an
operator and the space upon which it acts will be given.

[ INTERELECTRONIC REPULSEON INSIDE p? CONFIGURATIONS

The three p orbitals have the same energies when the symmetry is
spherical. Nevertheless a p system containing ¢ electrons, 1.e. a p? conligura-
tion, gives rise to more energy levels when g > 1. When the spin. orbit
interaction is small enough to be neglected. these energy levels are multiplet
terms *¥¥!T. with degeneracy (25 + 1)(2 1 + 1). selected out by occupying
the six p spin orbitals hy ¢ electrons under the restriction of the Pauli
principle. The energy levels of p? have different energies because the
eclectrons repel each other to different extents depending on how the elec-
trons’ mutual rclationship is restricted by § and 7. The Hamtltonian
operator, H’,cp_, fof electrostatic repulsion beiween the electrons is formally
written as I, . {e“/r,;) where e is the charge of the electron and 7, is the
distance hetween electron [ and electron j. The inequality sign cnsures that
every pair i, j of electrons is counted only once. By containing only one pair
of electrons, the p® configuration represents a particularly simple case but
general enough for the two-glectron operator, We shall therefore in this
seclion use this configuration to illustrate how the interclectronic repulsion
may be parameterized.

As in Section C, in this section alse the fuoction space is gradually built
up. Section DX(i} considers simple product functions for two electrons and
the matrix of the imerelectronic repulsion operator 1 this basis. This matrix
contains the coulomb and exchange integrals. In Section D(i1) the matrix is
diagonalized to obtain the spatial eigenfunctions of the electron repulsion.
In Section D(iii} spin functions arc multiplied onto the space functions to
obtain the so-called weak-ficld functions. The spin-pairing energy parameter
P and its associated coefficient operator is also introduced here. and in
Section D(iv) this operator is split up into a sum of two mutually orthogonal
component operators, Finally, in Section D¥v) a brief account of interclec-
tronic repulsion in the p* configuration is given.
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(i} Interelectronic repulsion integrals: the spatial matrix elements

The Hamillonian operator [or interelectronic repulsion ﬁmn is a two-elec-
tron operator and its matrix elements therefore involve two-electron product
functions of the kind presented 11 eqn. (34). The problem of setting up an
energy matrix representing the interelectronic repulsion between two p
electrons 15 simply thal of finding the values of all nmulrix clements of
I?I.‘_P_ = e?/r, which have the nine (wo-elcctron functions of eqn. (34) as
hasis functions. We rccapitulate that the first factor in these products of p
functions represents electron number 1 and the second factor electron
number 2. It follows immediately from the congruence and symmetry
properties of the three p orbitals that there are only four formally different
types of matrix elements, all the rest of the 9 % 9 matrix elements being
either obtainable from these by suitable permutations of the p orbitals or
else being equal to zerc for symmetry reasons. These symmetry reasons will
be discussed after matrix (47). The four types of matrix elements are
exemplificd in eqns. (42)-{43):

J=(x(Vy@)|e* /i ix(Dy(2)) ={xy

¢ 2/-"12 |X)"} (42)

K = {(x(V)y(2)|e*/rz [y(1)x(2)) ={xy[e?/rs|yx) (43)
J = (x(Ux(2)le?/r, [x(1)x(2)) ={xx]e?/r, xx:} (44)
{xx'.el/r,2 yy:. =<xy[ez/r12 yx:} =K {45)

We shall discuss them one at a time. J is the so-called coulomb integral
which represents the electrostatic repulsion between the two charge clouds
x% and y? and which may be obtained by an integration over the two
three-dimensional spaces of the two clectrons. In principle. J is classical and
the same is true of J' which represents the repulsion of the two eclectrons in
the same orbital. K is the exchange integral which is non-classical in the
sense that it formally represents the repulsion between the “charge cloud”
xy (the first factors on the two sides of the operator) and rthe “charge cloud™
yx (the second factors). J, J' and K are always positive quantities. The
fourth type of matrix element shown in eqn. (45) happens to be equal to the
K integrul because the tunctions are real and the operator just a multipli-
cation factor so that the two second factors can be permuted. We are
therefore lelt with the three quantities J, K and J' which are needed for
selting up the 9 XX 9 energy matrix. This matrix consists of one 3 X 3 matrix
and three 2 X 2 matnces placed about the diagonal of the 9 < 9 matrix, the
rest of the martrix elements heing zern. The 3 X 3 matrix iy given as the
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matrix (46):

/o xx ¥y =
x [J K K

ab;) yy |K J K (46)
zz K K J

and one of the 2 X 2 matrices as the matrix (47):
‘32/"12 XY ¥Xx

LS P (47

where the symmetries of the product functions have been given as irreduci-
ble representations of the point group D,. The remaining 1wo 2 X 2 matrices
are both identical with the matrix (47) but they invelve product functions of
symmetries b, ,), zx and xz, and by{ D}, ¥z and zy (see alse Section E(1).
The purpose of classifying the functions according to D, is the following.
The repulsion operator has spherical symmetry and thereby also a(D,)
symmetry. This latter property is sufficient to sccure that all matrix elements
connecting functions belonging to different irreducible representations of £,
are equal to zero. The energy matrices (46) and (47) are thus independent,
and may accordingly also be diagonalized independently.

(i} The spatial eigenfunctions of the interelectronic repulsion operator

The non-diagonality of the energy matrices (46) and (47) shows that the
product functions of egn. (34) are not cigenfunctions of the interclectronic
repulsion operator ﬁ,ep_ = ¢*/r),. The eigenfunctions of !—?mp‘ are those linear
combinations of the orbital product functions which, when used as basis
[unctions for ﬁ,.ep_, vield a diaponal matrix. These eigenfunctions may be

obtained together with the eigenvalues by a diagonalization of the matrix of

P;',ep_ in the product function basis. Here we shall not actually perform this
diagonalization but instead obtain the eigenfunctions by symmetry argu-
ments. X

The spatial symmetries of these eigenfunctions of I, emerge directly
when egn, (34} is rewritten as eqn. (48) by using the vector coupling rules
{see here also eqn. (24)):
lp}® Ip} =Sorab (48)
The letters on the right-hand side have been wrilen as capital letters
because here they represent two-electron functions. P has been underlined to

mean that P lies in the antisymmetric part of the tensor product while § and
D lie in the symmetric part. This means that an interchange of the order of
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the Lwo p sets, whose tensor product is formed, will lead to change of sign of
the resulting P set (see egn. (23)) while the signs of the § and D sets remain
unaffected (see eqn. (22)). A comparison of eqns. {34) and (48) shows that
the product functions of eqn. {34) can be linearly combined to give functions
which transform irreducibly under R, as sets of §, P and D symmetry. The
coefficients in these linear combinations are coupling coefficients that could
have been looked up in a table [22]. Alternatively, they could be obtained, as
explained above, as the components of the eigenvectors associated with the
matrices (46) and (47). Here we proceed by a third, but related route.

We use the analogy between ket—bra operalors (eqn. (17)) and iwo-elec-
tron product functions (eqn. (34)), an analogy that 15 particularly strong
when real functions are used. If the results of egns. (27)-(32) are studied, it
becomes an easy matter {0 guess the eigenvectors of the matrix (46) and
thereby the eigenfunctions of i, which consist of xx, yy and zz terms only.
These are given in eqn. (49) together with various expressions for their
symmetry properties:

ST A(DJHA(D,) S={1/3(xx+yy+72) Ad0)

DL A(DJA(D,) D) =y1/6(22z—xx—yy) ‘l:’ E(0) (49)
Dac B (DHA(D,) D{x*-y*)= »’m(xx—yzﬂ )

The symmetry designations to the far left specify the rotational symmetry
properties under R, using the 1A¢ notation of eqns. {1} and {2). We further
notice the resemblance of the two D functions to the correspending d
orbitals. We may now check our gucss by calculating in eqn. (50) the few
matrix elements which arc non-zero:

(Sle*/ra S} =(1/3)[3" +6K] =J'+2K
(D(z*)|e?/n; D(zz):) =(1/6)[6J] - 8K+2K] =J —K
(D{x*~y?)[e?/ry [D(x* = ¥*)} ={(1/2)[27" - 2K] =J'-K

(50)

The matrix of e /7, in the hasis of eqn. (49) is then given as the matrix (51)
and the fact that there are no further non-zero matrix elements can be
checked by noting the norm square invariance on going from the matrix (46)
to the matrix (531):

¢*/ra 8 D{z*) D(x*~y?)
S J 42K 0 0
D(z?) 0 J—K 0 (51)

D(x? - y?) 0 0 J K
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Similarly, we guess in eqn. (52) the eigenfunctions of the matrix (47):

Das By (Dy)B,(D,)  Dlxy}=i1/2(xy + yx}

. —— (52)
> AL(D,)B(D;)  Plz) = y1/2(xy - yx)

where the expression for P(z) reminds one of the fact that the vector product
of the X wunit vector and the ¥ unit vector is the Z unit vector. The
diagonalized mairix Is given as matrix (53):
e’/rs  Dixy) P{z)

DGxy) [J+K 0 }

Pz) | 0 J-k (53)

Expressing from eqns. (50) and (53) that the D funciions are degenerate, one
obtains the relation J' - K=J-+ K, ie *
J=J+2K {54)

Summing up the results from matrices (51) and (53) and the associated eqn.
(54}, the 9 X 9 matrix of our new basis—the spatial cigenbasis of H,,, - can
m an abbreviated form be written as matrix (55):

elfrn s D P
1 s [J+4K 0 0
5 D 0 J+K 0 (55)
3 P 0 0 J-K

This matrix contains the results for spherical symmeltry in the nine-dimen-
sicmal basis of the spatial p* functions.

(iii) The weak-field limit of the p° configuration. The spin-pairing energy
parameier

Until now we have looked at the electronic repulsion in a purely spatial
basis, which 1s fair enough since the repulsion operator contains no spin, We
have found eigenfunciions which obey the indistinguishability rule for
electrons. We now introduce the spin into the two-cleetron functions as we
did in connection with expression (36) in Section C(i1). We recapitulate that
the P functions lic in the antisymmetrical tensor product space of cqn. {48),
which means that the P functions are antisymmetrical o permutation of the

* Eguation (54) is a result also valid for pairs of the usual real d and [ orbitals even though
we have here different kinds of J (and their assoclated K ) integrals.
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two electrons, as can also be seen directly from egn. (52). This means that
each of the three P functions have to be multiplied with cach of the three
symmetrical spin functions of eqn. {38) to form the nine-dimensional P
term. By similar arguments the S and D functions become 'S and 'D> by
being multiplied with the antisymmetrical spin function of eqn. {37). Sum-
ming up. the introduction of spin is accompanied by an increase in the
number of functions from 1 +3+5=9 w0 (1 XD+ 3 xH+(1 X5 =15
The latter number is equal Lo (he number of ways (5) in which two electrons
may be distributed among six spin orbitals. Our 15 functions make up the
weak-field basis of the p configuration.

All [unctions belonging to a particular multiplet term are degenerate. The
coulomb integral J of the matrix (55) is not observable since it is common to
all three term energies. 1t is in this sense in line with absolute energies and
can therefore by baryeentration be subtracted here. bt is only the energy
differences that are observable, and these are all expressed in terms of the
exchange parameter K. We notice that when (he term degeneracies are used
as weights, the interelectronic repulsion energy matnx alreudy possesses the
barvcentration with respect to K, which it otherwisc would have been
desirable to introduce. We shall now rewrite the energies in terms of the
spin-pairing energy parameter D [20]

The paramcter D is defined so that the average energy of all the spin
states with a total spin quantum number of (5, 1) minus the average
energy of those with a total spin quantum number of S, is equal to 25, 0. In
our particular case the *P term with energy — K relative to the barycentre
contains all the § =1 funcuons. The average energy of the § = 0 lunctions,
i.e. those making up 'S and 'D, is [4K + 5(K)}]/6 = (3/2)K so that D=
(5/4)K and K —=(4/5)D. Bv omitting the constant energy contribution
from J, this expression for K mayv now be used to rewrite the matrix (55) as
matrix (56):

0,0 15 p  p
1 's [16/5 0O 0
s D |0 45 0 |D {56)
9 ‘p 0 0 —-4/5

The basis has at the same time been extended to cover all the 15 Pauli
allowed states of the full p* configuration. The svmmetry part of the
repulsian  operator QnD is its coefficient aperator QD and D is the
empirical repulsion parameter. The value of D for free atoms and ions may
be delermined by confronting the model expression (36) with experimentally
found atomic encrgy levels for p? or p* configurations, For p? complexes a
determination of D from the experimental energy levels of a complex will
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necessarily involve a co-determination of the ligand field parameters which
are necessary to describe the symmetry of the complex in question. It is
noted that Q,, is a traceless operator over p* and that it has a norm squarc
of 96/5 over these 15 states. Alternatively, we may write eqn. (57):

(0nD|QpD) = (%6/5) D7 (57)
It is noteworthy that even though Q,, P is spin free, its barycentration and
norm square depend on spin through the Pauli principle. The p* configura-
tion space is the natural foundation for normalization of two-electron
operators on p? spaces (section E(1ii)).

tiv) A decomposition of the spin-pairing energy coefficient operator O, into
mutually orthogonal components

The following considerations are typical of the ideas of the orthonormal
operalors’ formalism, and at the same time provide g new illustration of the
concept of orthogonal operators,

1
n S/_ g
/
/ /
(6)'s,'D 5
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Fig. 4. The interelectronic repulsion splitting of 1he p* conliguration, deseribed by l.hl.
operator (0, D, can conceptually be divided into two ordered steps. First, the 15 states of p’
are split by the spin-separating operalor Q”D inio six spin-singlet stares 'S, ' and nine
spin-triplet states *P. The Tormer are increased in energy by (6,/5)D while the latter are
decreased by (4,/3).0 so that the barycentre tule applies. Second. when the sen:orlly separat-
ing opcrator (45D is allowed to act, the six spin-singlet states are split into 'S and 'D of
energies (105 1 and — (27530, relative to their common origin. Again the barveentre rulc
applies.
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Let us think of the coefficient operator for interelectronic repulsion Q,, as
acting on the space of the p* configuration in two steps. In the first step it
separates the triplet term ‘P from the singlet terms 'S and D which
remain degenerate. The part of the O, opcrator doing this, we call
the spin- scpdratmg operator and denote it Q[, In the second step QD
separates 'S and 'D by what we call the seniority-separating operator 05,
Seniority is a concept based upon looking at all p? configurations, with
varying ¢. as a whole. It is in itself quite unimportant here and we shall only
mention that one says that the seniority of the p* 'S is zero because 'S
occurred already among p¢ configurations for g =0 while the other two p*
terms have ¢ =2 because thev occur for the first time for g =2, The two
singlet lerms of the p? configuration may therefore be distinguished by their
seniority *

The two-step splitting is depicted in Fig. 4. It is illustrative of the ideas in
this paper to cxpress the two-step splitting in more ways: by the operator
eqn. (38) and by the matrix eqn. (59):

Qu = Q.“; + Q::JJ (58)
16/5 0 0 6/5 0 0 10/5 0 0
0 a5 0 |=|0 6/5 0 |[+] ¢ -2/5 U
0 0 —-4/5 0 0 —d/ 0 0 0
(59)

The matrices of the individual component operators (O3 and (%, given in
eqn. (59), are found by combining the requirement that their sum matrix be
that of O, (eqn. (36)) and that both component matrices be traceless or
barycentred. The procedurc is simple. We first use the sum requirerent
together with the fact that Qf does not act on the triplet, ie. that
CPIOS1PY=0. to obtain (‘P|QD| Py = PP1Q,|°P) = —4){/5 Sec-
ondly we use the tracelessness of @3, to find the value of {'S}Q31'S) =
{'D| o3 D3 as 6/5. In doing this the weight facters in eqn. (56) should be
remembered. Having now obtained the complete matrix of QU. we finally
subtract it from the matrix of QD to obtain the matrix of 0. The three
matrices of eqn. (59}, all in the same basis as matrix (56). Lorrmpond to the
three operators in eqn. (58} and are the coefficient matrices to D. Q,, aAcls in
one way on all the singlet states and in another way on all the triplet states.

* The two singlet ferms are of course dislinguished also by their orbital angular momentum
quantum number £, However, repulsion coellicient operators which are anulogous Lo QI,
exist for all vther 19 configurations [4] and 1hese operators have properties which clearly
associate a part of their splitting elfect with the seniority.
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Q}') acts only on the singlets and in a different way on the two terms with
dilferent seniorily numbers.

We now use eqns. (58) and (59) to illustrate the concepts of operator
overlap and operator orthogonality. We can here refer to the discussion of
(l?{ Dy l;(D4)) in Sectien B(iv). In eqgn. (60} the norm square or self-over-
lap of QD is written out in terms of its cxpression on the right-hand side of
eqn. (58) by using the well-known formalism for functions when these are
real:

[00]00) —(03]05) +{02/05) +2(63105) (60)
The last term in eqn. (60) is, according o the definition in egn. (10}, given
by eqn. (61):

(@3105) = X[Qb],[Q5]., (61)
f

By using the matrices of eqn. (59) and the weight factors of matrix (36). eqn.
(60} may be rewritien in numerical form in eqn. (62):

(1/5)°{16%+ 5(3) + 9(—4)"}
= (1751{[(6)° + 5(6)* + o(- 4] + [(10) 4 5( 2)"+ 9(0)]
+2[(6)(10) + 5(6)(—2) + 9(~H)(©)]}
= 480,/25 = 360,25 + 120725 + 0 (62)

Since the operator overfap (G| (0% is equal w zero, QF and 5 are
orthogonal. The orthogonality has the important |mpll(,dtmn that the norm
square of Qn is equal to the sum of the norm square of QD and the norm
squarc of Q%. Equation (62) then tells that the spin-separating operator Q,,
accounts for 360,480 =75% and the seniority-separating operator ¢}
accounts for 120,480 — 23% of the total norm square of ¢ ,. These rclative
contributions of Qf, and !, are independent of the value of the cmpirical
parameter [}, since both coefficient operators are associated with this
parameter.

{v) The p’ configuration

‘The p’ configuration contains { © )= 20 states, grouped into one spin-

quartet term and two spin-doublet termb The orbital degeneracy of the spin

quartet is { * )= 1 since this is the number of ways in which it 1s possible
3 . . .

for all three electrons to have a spin. The spin quartet is accordingly *

Further unalysis shows that the doublets are “P and “D.
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The matrix of the interelectronic repulsion operator QDD, analogous to
matrix (56) for p?, is matrix (63):

0,0 p :p 4§

6 ‘P |8/5 0 0 _
10 2D {0 0 0 |D (63)
4 ‘s {o 0 =12/5

Since the configuration p® as mentioned in Section C is of little chemical
interest, we content ourselves with pointing out a few properties of the
cocfficicnt matrix Q,: this 20 % 20 matrix is traceless and has a norm square
of 192/5 which is two times that of Q,, for p* (matrix (56)) in agreement
with egn. (90) in section E(iii). Finally, the energy difference between the
barycentre of the doublet states and the quartet state is (3/3)D -
(—(12/5)D)=3D=28,D since §,=3/2.

E. THE COMBINED EFFECT OF A TETRAGONAL LIGAND FIELD AND THE
INTERELECTRONIC REPULSION ON THE p* CONFIGURATION

The preceding two sections (Sections C and D) were concerned with 1wo
different kinds of perturhations on the p configuration: the ligand field A,
and the interelectronic repulsion f;’rq,_. In real chemical systems such as, for
example, XeF,, both these perturbations are simultaneously present and we
shall therefore in this section consider their sum:

H=H, +H, (64)

We shall discuss the different bases that may be chosen for the total
Hamillomian A and the relationships between them. Moereover, we shall
show how the orthonormal operators’ formalism allows a quantitative com-
parison 1o be made between the relative contributions of the ligand field
H, . .

and the interelectronic repulsion H,,, to the total Hamiltonian H. Finally,
we shall discuss how the eigenenergies of a configuration may be visualized
in different kinds of energy level diagrams,

(i} Weak-field and strong-field hases for p*

A weak-ficld basis is a basis that is an eigenbasis of 0, and a strong-field
basis is analogously an eigenbasis of Q. When the combined effect of a
tetragonal ligand field and the interelectronic repulsion 1s sought, the same
basis has (o be used for both operators in order to make 1t meaningful to
add their matrices. In Sections C and D, we have already discussed @, in
the strong-field basis and @, in the weak-field basis respectively. These two
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bases are the eigenbases for the two operators and are therefore the natural
bases to choose for setting up their matrix representations. When adding the
two operators, it is, however, necessary to consider at least one of the
operators in a less natural basis. In the cases to be discussed here, we shall
include both @, in the weak-field basis and @, in the strong-field hasis.

As far as the weak-field silvation 1s concerned, it should be noted that
several weak-field bases exist. The weak field basis of the matrix (36) is
written in the most general way since the particular functions which span the
individual “*''L terms are not stated. For the basis to be completely
specified, these functions must be given. A fully specified basis, which has
the special property of being hierarchically symmetry adapted. is made up
from the functions given in eqns. (49) and (52) and include the functions in
eqns. (65) and (66) *;

Dlle E(D,)B,(D,} D{zx)=y1/2 (zx + xz})

— 5
Plls  E(D,)B,(D;) Ply) =12 (ex — x) (©3)
DITs  E{(DOB{(D,)  D{yz) =1/2 (y7.+zy) (66)

PTlc  E(D)B(D,) P(x}=1/2(yz—zy)

This basis ts symmetry adapted to the group £}, which is the holohedral
rotalion group of the tetragonal ligand field, and this weak-field basis will be
used in the following development. As discussed in Section D, the weak-field
basis of p? including spin. adapted to the tetragonal hierarchy. then consists
of the following terms: two 'A,( D,) (eqn. (49}, one 'B,( D,) (eqn. (49)), one
'B.(D,) (egn. (52)), one *A,(D,) (three functions} (eqn. {52)), one 'E{ D)
(two functions) {egns. (65) and (66)), and one “Ti( D,) (six functions) (eqns.
(65) and (66)). The tetragonal strong-field basis of p? consists of the same
seven terms. but the expressions for the strong-field functions are in general
not the same as those for the weak-field functions.

We observe that the different symmetry types ** " 'I'( D) occur only once,
with the exception of 'A{D,) which occurs twice. This means that the
matrices of both the ligand field operator O,A and the repulsion operator
O, D will be diagonal in bases, symmetry adapted o D,, except for a
(possible) non-diagonal element connecting the two 'A (D, ) functions. This
is the same as saying that for all symmetry types except 'A\(D,), no
distinction can be made between the weak-field and the strong-field func-

* Other examples of weak-field bases are the two SL hases whose functions are complex: the
SLM:M, basis and the SLIM basis. The energy matrices in these bases arc of course
diagonal in the interelectronic repulsion parameter £, but matrices in the SEIM basis arc
furthermare diagonal in the spin orbit coupling within each *¥~'L 1erm.
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tions or. in other words, hetween the multiplet terms of the spherically
symmetrical situation and the terms belonging 1o tetragonal subconfigura-
tions *.

Let us now set up a matrix for the ligand field and the interelectronic
repulsion in the telragonally adapted bases. We shall consider the triplets
first. These are invariably *F functions independent of the magnitude of the
ligand field. They therefore have the repulsion energy —{4/3)0 according
to matrix (38). As far as the ligand field is concerned. a comparisen of egns.
(36) and (52) shows that *P?A,( D,) belongs 1o the subconfiguration e*( D,)
or #° with the energy {2/3)A independent of the repulsion, while a
comparison of egns. (36}, (63) and (66) shows that PR D,) belongs Lo the
subconfiguration es,{ D,}) = 7o with energy —(1/3)A. We summarize the
triplet resulls in egn. {67) where the barycentre rule is observed to apply for
A inside the *P term,

PALD)="PY 45D+ (2/3)A ef w?

pipf 3 gt ; {(67)
WPED)="PTT (45D - (1/3)A ca, wa

We next consider the singlets in a similar way (except for those of 'A (D,)
symmelry) referring to eqns. (36), (36}, (49), (52), (65) and (66) to obtain
egn. (68):

'D'E(D,)="D'll (4/5)D—(1/3)A ca, wo (68)
ID'B,(D,) and 'D'B, (D) ='D'A  (4/5)D+(2/3)A & o’

The two tetragonal terms 'B,{ D) and 'B,( D,) are both associated with the
tferm 'D and the tetragonal subconfiguration ¢ and arc degenerate. This
degeneracy may be considered accidental since the two terms transform
differently in the group D, (as 'B(N,) and 'B,{ D,) respectively) bul it is
casily explained. As discussed in Section B(il), the p orbital set is not able to
distinguish between ligand fields of symmetry D, (n > 2) and D,_. Collec-
tively, these fields may therefore (when acting on p? configurations) be
called axial fields, and they split a 'D term into 'D'L, 'D'TI and 'D'A. In
our case the (wo degenerate tetragonal terms make up the 'D'A.

Finally, we consider the weak-field matrix clements whose basis functions
are the 'A,(D,) functions. The interclectronic repulsion part ol these ele-
ments we know already from matrix (56): 'S'A| has a repulsion energy of
(16,5312 and 'D'A | an energy of (4,/5}D. To obtain the ligand field part, we
use egn. (4%) and Fig. 1, remembering that z spans a ,( £,) and the set {x.y}

* Since none of the operators in egn. (64) containg spin. matrix elements between spin-singlet
and spin-triplet functions would have been rero anyway because ol the spin orthogonality.
It is therefore always possible to treat the triplets and the singlets independently.
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spans e( D,):
(SIPOIS) = (75 (o = 5y +22)| PUDLY {173 (v + yy + 22
= {(1/3}[(2/3) + (2/3) - (4/3)]4 =0 (69)

('DE)[P(0,) | D))
= \-;'T/E[Z 2Z — XX — yy)ﬂ}(D“)].fl/—()(Z 72 — XX yy}}
- (1/6)[4(-4/3) + (2/3) + (2/3)] A= - (2/3)a (70)

-~

P(D,)| D))

(s
= (A73 (zz +xx + V(D) 176 (2 22— xx - yy)

= 1718 [2(-4/3) = (2/3) - (2/3)]A= —4&/9 2 (1)
The results for the diagonal elements in eqns. (69) and (70) could also have
been obtained without direct calculation by using the barycentre rule on 'S
and 'D respectively, in the latter case by including the results from eqn. {(08).
The magnitude of the non-diagonal element in egn. (71) could have been
obtained from the norm squarce invariance inside the two-dimensional sub-
space of p* whose components are characterized as 'A,(D,). This method
requires knowledge of the strong-field maltnx (73) but this is easy to obtain
directly from a knowledge of the subconfigurations and from Fig, 1.

The results of eqns. {69)—(71) may be combined, viclding the A (D)
weak-field matrix (72):

(D) '8 'D{z*)

! . 'S 0 —8/9

AD)E _ A {(72)
D(*} | =/8/9 -2/3

We now turn to the strong-field matrix and its relationship to the
weak-ficld matrix derived above. Since for most of the tetragonal p* terms
there is no difference between the weak- and strong-field forms, we shall in
the lollowing discussion focus attention on Lthe two 'AI(D4) terms, the only
terms for which such a difference exists. The strong-ficld basis is the
cigenbasis of (. A diagonalization of the weak-field 'A,(P,) matrix {72)
will therefore yield the corresponding strong-field matrix (73):

VDY () ad(D)
72 (xx +vy) = i2/3 'S —41/3 D(z) = e2(D,) [ 2/3 0 }
w2 =173'S+ {373 D{z2) ~ad(D,) 0 -4/

(73)
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The strong-field functions have here been characterized by their tetragonal
subconfigurations, by the lincar combinations of weak-field functions found
by the diagonalization, and by the explicit function expressions. The rela-
tionship between the weak- and strong-field 'A,( 7,) bases may be expressed
as the overlap matrix (74);

]A1(D4) 's D
2 a7 i
(pe)” [1.-2, T ] )
(pay}) |v1/3 i2/3

This matrix is a so-called Racah lemma [1,22] matrix which expresses some
hasis-independent symmetry relations between the groups R, and D, basis
independent meaning here independent of the matrix forms chosen for the
irreducible representations of these two groups. The content of the matrix
can be expressed verbally in varicus wavs. As examples, the a2 tetragonal
subconfiguration of p® has in the squares one third 'S and two thirds 'D
character as can be read [rom the second row of matox (74), or, the
'D'A,(D,) function of p” belongs (in the squares} 1/3 to e2(D,) and 2/3 to
a3(Dy). )

Transforming the 2 X 2 upper left part of the matrix of O, (matrix {56))
to the strong-field basis using matrix (74). the strong-ficld interclectronic
repulsion malrix (73) is obtained:

QDD e’ 'A{(D,) a}’A,(D,)
e 'A (D)) 12/5 732,25 15)
ai 'A{Dy) /32725 8/5 '

To summarize the discussion of the two 'A.(D,) levels of p?, we give the
strong- and weak-field energy matrices of the combined perturbations in
eqns. (76) and {77) respectively:

Qa-ﬁ + QDD e’ IA\(DJ a% 1A1{D¢1}

e2'a,(p,) [(2/3)a+012/5)D ({32/75|D o
a3 'A,(Dy) | (y32/25)D —{4/3)A+ (8/5)D

QDD+Q;\A _ lslAl(D4) ]Dl‘ql(Dai)

SA, (D) | (16/5)D (-89 -
'D'A(D) [(—3/9)8 —(2/3)a+(4/5)D
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By merging eqn. (76) with eqns. (67) and {68) the total strong-field matrix

(78) is obtained:

I‘.‘,‘1
Ly
_ ‘.
1 C % 2s004
+{12/50 0
2 ed A U
3 e? B> [l
2 ae T ]
[3 ae 1 i
1 &l x| (e

'R, 'R,
'a
1y

(27304
+{4,/3) D
0

2,314
— (45D
0

m

-{1/31a
145D
a

‘E a
it D
0 (/3225) b |
n G
o a
7 1l
—(1,/34 0
— 14510
G — {4,314
+ (85040 ]
(78)

The total weak-field matrix (79) is similarly obtained by substituting matrix

(77) for matrix (76) in the strong-field matrix:

‘:A1
1SIL
1 's N (16/51D
2 D 'l 0
2D &3
2 P T m
6 vl n
1 BT | { R9)A

'E
Ut
0
(451D

—(1/34
b

'B,. 'B.
1DEI_\

147500
—{3/3A

]

— (475500
PRI
n

i A
PAIL 'y
o (8374
o a
o N
a a
—{4/50 0 ]
(1754
o @ssyn
—12s32a
(79)

Both the matrices {(78) and (79) are brief forms. (weight factors to the left)

of 15 x 15 matrices.

If one notices in the weak-field matrix {79) at the same time the bary-
centration of (), within each of the spherical 1erms and the fact that the
coefficient to D is a constant within each such term, then one may conclude
thal the ligand held matnix and the repulsion matrix have zero overlap, Le.
they are orthogonal. As discussed in Section B(iv), such a matrix orthogonal-
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ity reflects the more general operator orthogenality and we may therefore
conclude that the two coefficient operalors @, and ,, are orthogonal. This
orthogonality is important becausc it allows quantitative comparisons to be
made between the relative magnitudes of the ligand field and the interelec-
tronic repulsion. How this is done will be discussed in Section E(iii).

fii) Intermediate figand field bases and rediagonalizations

The total Hamiltonian operator H may be written in terms of parameiers
and coefficient operators as in egn. {80;

H= QAA + QI)D (80)

The Hamiltonian operator (eqn. (80)) depends on empirical parameters. We
therefore call it a parametrical Hamiltonian. When the ligand field term
2,4 completely dominates the Hamilloman, i.e. when A/ = c0, the cigen-
basis of H is the strong-ficld basis, Conversely, when the repulsion term
completely dominates the Hamiltonian. i.e. when 4/D = 0. the eigenbasis of
f i the weak-field basis., Real chemical sysiems, such as for example XcF,,
are found hetween these two extreme situations and their eigenbases are
what we call intermediale ligand [eld bases. An infinite number of such
intermediate-field bases exist. none of which is defined by symmetry, as is
the case for the strong-field and weak-field bases. Intermediate-field matnces
are therefore neither diagonal in A nor in D. An intermediate-field basis is
the eigenbasis of the parametrical Hamiltonian for particular magnitudes of
the hgand freld term and the repulsion term. A slightly dilferent way to
spectly an intermediate-field basis is by the parameter ratio A /D where the
use of the ratio for this purpose i1s possible because ihe eigenbasis of a
paramctrical energy matrix is independent of the absolute magnitudes of the
parameters but depends only upon their relative magnitudes. Doubling the
values of both A and D thus leaves the cigenbasis of H unchanged.
Strong-field and weak-field matrices have bases that are symmetry de-
fined, and it is therefore possible to set up these matrices as lustrated in
Section E{i). Intermediate-field matrices cannot be set up in this way but
must nstead be obtained indirectly by transformations of matrices abready
sct up in one of the symmetry-defined bases. In the following discussion we
shall detail how intermediate-field matrices may be formed by such transfor-
mations. First, the particular intermediate-field bhasis in which we are
intcrested must be fully specified. It is specified as the eigenbasis of the
parametrical [Hamiltonian, defined by the particular numerical values of the
parameters. Often the inlermediate-field basis is the eigenbasis of a particu-
lar complex and in that case the parameter values may be said also to
describe the complex. Assuming thal the intermedtate-field basis is specified,
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we next require a parametrical energy matrix such as the strong-field matrix
(78} or the weak-field matrix (79), which may be subjected to the transfor-
mation. We are then ready to begin, The parameter values which char-
acterize our intermediate-field basis are inserted into the parametrical energy
matrix. and the matrix, now containing only numbers, is then diagonalized
to give a set of eigenvalues and eigenvectors., The basis of the diagonalized
matrix 1s our desired intermediate-field basis. However, in order to arrive at
this basis, the energy contributions frem the ligand field and the interelec-
tronic repulsion have been added together and the information about their
individual contributions lost.

This information may be retrieved by the following procedure which we
call a rediagonalization [26]. The eigenvectors ohtained in the diagonaliza-
tion relate the intermediate-field basis to the hasis of the original parametri-
cal cnergy matrix, for example the weak-field matrix. The eigenveciors may
be used to transform this matrix (cqn. (81)) to the intermediate-ficld basis
according to eqn. {82):

H=0Q,A+Q,D (81}
H =UHU'=[UQU A+ [UQ U~ '] »
= QA+ QD (82}

Here matrices that are in the intermediate-field basis are characierized by a
prime. U is the unitary matrix containing the eigenvectors, i.e. containing the
information regarding the relationship between the twa bases, 1n the exam-
ple between the weak-field basis and the intermediate-field basis. By this
rediagonalization process (eqn. (82)) we have oblained a matrix representa-
tion H' of the general parametrical ITamiltonian operator I (eqn. (80)) in
the particular intermediate-field basis desired here. The matrix representa-
tions of the two coefficient operators are both non-diagonal, but possess the
special feature that corresponding non-diagonal elements in the two matrices
are of equal magnitude but of opposite sign when weighted by their
respective empirical parameters. Inserting the empirical parameter values
into H' therefore yields a diagonal matrix. The diagonal elements are the
eigenvalues of our complex. However, while the diagonalization gives only
the eigenvalues themselves, the rediagonalization provides additional infor-
mation: the ecigenvalues are in the diagonal of H' expressed as a linear
combination of A and D, and wc can therelore read the individual contribu-
tions of the ligand field and the interelectronic repulsion o cach of the
eigenvalues. Furthermore, the form of this information is useful because the
diagenal elements of the coefficient matrices are the partial derivatives of
the eigenvaiues with respect to the associated parameters.
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(iif} Quantitative comparison of Hamiltonian aperator terms. Their individual
eontributions to the toral Hamiltonian

Throughout this review, we have discussed and illustrated the two con-
cepis of operator magnitude and operator orthogoenality, The point has now
been reached where the full significance of these concepts in connection with
the parametrical 19 model may be appreciated. Below we shall therefore
show how the propertics of orthogonal operators make quantitative com-
parisons possible between the consiituent pesturbations of the sum Hanulto-
nian operator.

The orthogonality of ﬁu. and ﬁrcp found in Section E{i} allows us to
wriie the norm square of the olal Hamiltonian as in egn. (83}

(HI\H) = (A ) +(Hep B ) (83)

where the cross term (17, | ﬁmpl‘; is not present because of the orthogonal-
ity. Rewriting eqn. (83) in terms of parameters and coefficient operators we
obtain eqn. (84):

»

(1) = 8{0,|0,) + 0 0010} (84)

This equation shows that the norm square of the total Hamiltonian may be
calculated as the sum of a ligand field contribution and an interelectronic-
repulsion contribution. In Fig. 5 a number of geometrical illustrations of
cqn. (83) and (84) have been given by conceiving the operators as gener-
alized vectors. In the figure the operator property magnitude or length, as
mentioned in Section B{iv}, corresponds to ithe vector property [ength. The
figure further illustrates that egn. {83) 1s a gencralization of the Pythagorcan
theorem and that o applies Lo our two component operators because they
are orthoganal. Finally, it is seen from Fig. 5 and egns. (83) and (84) (hat the
norm square of a sum of two (or more) orthogonal operators is the sum of
the norm squares of the constituent operators. For this reason the norm
square rather than the magnitude (to which this does not apply) plays such
an important role in the arthonormal operators’ formalism,

As mentioned previously, the norm square of an operator is independent
of the particular matrix representation used for caleulating it. If the matrix
of H used for calculating the norm square of H s chosen to be diagonal,
then the norm square is the sum of the squares of the diagonal elements (see
eqn. (10)). Generally, the norm square of H is therefore equal to the sum of
the squared elgenvalues. Since H is barycentred, its cigenvalues h, express
energy deviations from the configuration baryeentre. ie. they are the split-
ting energies of the configuration. The Hamiltonian operator norm square in
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Fig. 5. There are both concepial and pedagogical advuntages in thinking about operators as
vectors in a vector space. This is exemplificd here by cansidering the total Hamiltonian {eqn.
(643 The orthogonality of the ligand field and interclectronic repulsion operators is il
lustrated in general in 1, and for our specific parametrization of p? systems {(eqn. (80)) in 2.
The important consequences ol the orthogonality is llustrated in 3 for the magonitudes
(lengths} of the operators and in 4 for their norm squarcs.

eqn. (85) has therefore been called the sum square splitting [2]:

(ﬁ l ﬁ> = <Hdiag|Hdiag> = E(Ef)z (85]

I

Having now obtained an understanding of the purcly mathematical concept
of a Hamiltonian operator norm square in terms of splitting energies, we
may return to the decomposition of {H | H) in egn. (84),

According to eqn. (84) the sum square spliting is the sum of the norm
squares of the component operators H,, and H,,. This gives directly a
means of dividing the sum square splitting into parts associated with these
components of the total perturbation. Dividing eqn. (83) by (I | 11}, we
obtain in egn. (86) a formulation giving the fracuons of the sum square
splitting to be attributed to the ligand field and to the interelectronic
repulsion:

~ 3

(i) (el
(H1H) (H|H}

If we call the [raction of the sum square splitting that is caused by the
tetragonul ligand field x(A) and the [raction caused by the interelectronic
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repulsion x( D). we have according to eqn. (84} the following expressions:

A Q.0
X(A)=—;T*r-\:*—i—;l:—:?T (87)
A (QalQa} +D \QD!QD)
Dz} AD; ’.D\l'
X(D)=——“—.'“—.“l£—'“g—’r-—7— {88)

Az( QAiQA} + Dz{ QD[Q.U}

where the norm squares of the two coeflicient operators Qa and QD may be
caleulated once and for all for a given p? configuration.

These norm squares depend on the p? configuration considered. For p' we
have (0,|Q,) =4/3 (eqn. (33)) and for p° we have (0, |0, = 96/5
(cqn. (37)). General formulae exist [4] which allow calculation of the
coefficient opcrator norm squares as a function of / and g in 1% TFor p?
configurations these formulae are

Ou)u={0ui03),[ , 41 (80)

~

< Q4

s oa aoga v
(QD_QDXPT=<QD‘QD> .‘lqiz] (90)
The way in which the norm squares d-.pcnd on g is not the same for {0, and
Qz; This arises from the fact that @, is a one-clectron operator whose
foundation is the p' system and Qn a two-electron operator whose [ounda-
tion is a p~ system (see also Section C(i)).

In conclusion, the orthonormal operators’ formalism allows us to quantify
the ligand field as well as the interelectronic repulsion. Furthermore, this
quantification allows a comparison between the magnitudes of the two
perturbations. In the strong-Tield limit the ligand lield completely dominates
the issue. a situation which in the formalism is deseribed as x(A)=1 and
x(D)y=10. In the weak-field limit the situation is reversed with x{A)= 0 and
x( 1) = 1. Intermediate-lield situations are characterized by x(A) and x( D),
both having values between zero and unity. According to eqns. (87) and (88)
their sum is, however, always equal to unity. In the next section we look at
the values of these ligand field [ractions and repulsion fractions for some
special p* intermediate-field situations,

(iv) Visualizing the combined effect of ligand field and interelectronic repulsion
by means of energy level diagrams

Each of the parametrical energy matrices (78) and (79) contains all the
information of the parametrical p* model concerning the energy tevels of
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tetragonal p* systems. For the p? configuration, the full energy matrix has a
rather small size, and with only two basis functions of equal symmetry type
(the two 'A,(D,) functions), the number of non-diagonal elements is limited
o the twe connecting these functions. It is, in this particular case, not
difficult to obtain an impression of the dependence of the eigenencrgies of
the different tetragonal terms on A and £ just by examining one or both of
the matrices. In general, however, for examplic in the case of d7 configura-
tions, the simultaneous presence of Ligand field and interelectronic repulsion
creates a complex situation as far as the energy matrices, and thereby the
eigenenergies, are concerned. In order to clarify the picture and make
understanding of the intermediate-field situations easier, ligand field energy
level diagrams have been invented.

There exist several types of these diagrams and variants of these types, the
classical and most commonly encountered types being the Orgel diagrams
and the Tanabe-Sugano diagrams. These are geometrically similar in a
mathematical sense if the variants are chosen so as to attribute the same
slope to the ground level in the two types of diagrams. Both of these were
introduced originally with the purpose of describing the energy levels of d
configurations under the influence of cubie ligand fields. These types of
diagrams may, however, equally well be used for p¥ configurations when
these are under the influence of higand fields that give rise o only one
splitting parameter, e.g. fields of tetragonal symmetry. In this review we
have denoted this splitting parameter A to emphasize its analogy 1o the
spectrochemical parameter which for d systems measures the magnitude of
the cubic ligand field splitting of the d orbital level into an ¢ and a t, level.
Similarly, our repulsion parameter D, introduced in Section Diii), plays
almost the same tole in p¥ systems as does the Racah parameter B in d¢
systems. In an Orgel diagram the energies of the different cubic terms are
depicted vs. the ligand field parameter A, and the diagram implies a
constant and finite value of the interelectronic repulsien parameter { D or
By In the Tanabe-Sugano diagrams the d¥ term energies {relative to the
ground state), measured in units of B, arc plotted vs. A/B. The latter ratio
has been named “the internal field-strength parameter” [27]. The use of this
parameter as abscissa in such diagrams has the advantage that this parame-
ter alone determines the eigenfunctions in cubic d¥ systems. In other words,
when A /B is fixed, then relative eigenenergy differences are determined and
the only degree of freedom left [or obtaining the energy differences explicitly
is a scale factor with the dimension of cnergy.

ln Fig. 6 a Tanabe—Sugano-type enetgy level diagram for the p® and p*
configurations in tetragonal symmetry has been construcled by use of the
matrices (78) and/or (79). In the particular variant of the diagram the
barycentre of the configuration rather than the ground state has been chosen
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Fig. 6. Tanabe Suganoike diagram for the p° configuration in tetragonal symmetry (see Fig,
1 for definition of sign of &), The internal field-strength parameter A /1 1s the abseissa and
the zero-point of the ordinate axis is defined by the hurycentre energy of all the p? states. The
weak-field situation is on the ordinate axis in the middle of the diagram, where the crossing
of the energy curves are found at 16,/3¢'S), 4/5("DY and —4,/5(* P) (cf. the weak-[ield matrix
{191). The strong-field limits, corresponding Lo opposite signs of the tetragonal splitting, are
approached Lo the left and wo the right in the diagram. The ground level is scen to be A S0}
far (A /DY <0, E(D) for 0 < (A /D) < 2,16, and 'A () for (A /DY = 2,16, As mentioned
in Section F¢i) the 'By{5,) and "B B,) lerms are accidentally degenerate becavse of the
inability of p eleetrens to distinguish between D, and D, symmetry. The energies of the
'A]{D,,) functions, which are (he only functions of a repeated symmetry type, do not vary
linearly through the diagram. The strong-field asymproles {— — — al their energy curves
are included. The strong-field approsximation to the spin cross-over point 1s the crossing point
between the ‘Efea,) encrgy graph ia straight line) and the ]A!(a%) asvmplote, e al
AJSD =240

as the zero point of the energy. The diagram has been drawn for negative as
well as for positive values of the internal field-strength parameter. The
right-hand side of the diagram represents the p* situation N} < 0 (Fig. 1),
and by the hole equivalence principle, the p* situation N > 0 (Fig. 3) while
the left-hand side represents the same situations except for opposite signs of
N,jl. As discussed in Section B{viii), the sign of the splitting of the p-orhital
level is expected to be reversed on going from a linear to a squarc-planar
molecule. The right-hand side of the diagram therefore represents linear p*
configurations {c.g. XeF,) and syuare-planar p* conligurations (e.g. XeF,)
while the left-hand part of the diagram has no chemical cxamples associated
with iL.

The extension of the diagram to negative A,/D values has been included
here only to show some general [eatures of parametrical 19 models. First, all
energy levels that only occur once are represented by straight lines throughout
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the diagram. The slopes of these lines are the diagonal elements of QA,_,, amud
the intercepts those of QD [26]. Second, far the 1? configuration (and the
hole equivalent 1% configuration), the mixing of energy levels as A /D varies
from zero to infinity or vice versa is quantitatively given by Racah lemma
matrices [1] that contain an absolute measure of the amounts of subconfig-
urations in the gaseous terms {and vice versa, see discussion after matrix
{74)). In the following discussion, some conseguences of bringing this
absoluteness, concerning the eigenfunctions, together with the relativity
(upper and lower), concerning the eigenenergies, will be revealed. The Racah
lemma matrix {74) can be read as follows in connection with the diagram in
Fig. 6. The ¢igenenergies of 'A (D) are roots of a quadratic equation 1a A
and D. For A = 0 the upper root is 'S and the lower 'D. Both this statcment
and that following apply to p* as well as to p*. When the internal ficld
strength increases from zcro to infinity along the right-hand side of the
diagram. the upper 'A (D) level loses 1/3 ol its 'S character and obtains
1,3 'D character in return. Conversely, the lower 'A,( D,) level loses 1,3 of
its 'N character to obtain 1,/3 'S character instcad. In conclusion, the upper
level of the strong-field limit contains 2/3 of the upper level of the
weak-field limit. Therefore if we wrote, for example for p*. e*(S), then this
could be taken to mean that e? is mainly S in character. Now comes the new
point. Analogously, for the left-hand side of the diagram. also taking p* as
an example and still using the Racah lemma matrix (74), then the conclusion
is that the upper level in the strong-ficld limit a3 'A,(D,) contains only 1/3
of the upper level 'S of the weak-field limit, but 2,/3 of the lower level 'D of
this limit. Therefore with the logic introduced above, this upper level ought
to be designated a3(D). The problem under discussion can also be qualita-
uvely revealed by nutmg that in absorptlon the transition which in the
strong-Tield limit is 'A a2y —1A (e?). a two-clectron jump, only slowly
obtains one-electron-jump character when the field strength becomes finite
(right-hand side of Fig. 6), while this happens much faster for the transition
A, (e?y — 'A (a3) (left-hand side of Fig. 6).

Focusing now on the right-hand part of the diagram. it is obscrved that
for low valucs of A relative to D, a *E(D,)} high-spin ground term is
expected. For higher values of A/D, ie. closer to the strong-field limit, a
'A,(D,) low-spin ground term 1s expected. Since the A \{ D,) block of the
matrix {78} is only of dimension two, an explicit expression for its lower
eigenvalue can be found. Equating this expression with the cxpression for
the *E( ) energy (from matrix (78)}, an cquation is obtained from which
the exact ratio A/D for the high-spin/low-spin crossing point may be
determined (eqn. (91)):

A/D=(0/5)(V41 —1)=2.16 (91)
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This parametric condition for spin crossing in tetragonal p’ systems is based
on symmetry onlv and may in view of this secem to be a somewhat odd
result. *

The pereentage of the total perturbation accounted for by the ligand field
at the high-spin/low-spin crossing point may be calculated according to
eqa. {92):

(2160°016/3) ., (92}

x(A)=—7, =~
(2.16)°(16/3) + (96,/5)

The values of the coefficient operators’ norm squares used in this equation
have been obtained from eqgns. (40} and (57). The result from cqn. (92)
illustrates that high-spin/low-spin crossing and equal contributions to the
total perturbation from ligand field and interelectronic repulsion are two
different things.

Forh the situation where the two perturbations contribute equally to
( H | 713, we have the condition of ega. (93);

N{0,]Qs) = D 00|00) (93)
from which we obtain eqns. (94) and {95), valid for p*: **

{16 /3)A% = (96/5) D? (94)
A/D=18/5 = 1.90 (95)

Incidentally, this value is not very different from that in eqn. {91). Since D 15
always finite, this value of A/D may be comsidered to represent the
midpoint beiween A =0 and A = e, or in other words, 10 represent the
midway through the unsymmetrical night-hand side of the diagram in Fig. 6
when the ligand field provides 50% of (H | H).

As a final remark in connection with Fig. 6, we refurn to the fact that the

p* system XeF, has an energy level diagram identical to that of the p

The strong-field approximation is the use of the diagonal elements of the strong-field
malrix. If this is used here rather than the lowest root of the "A (D) matrix, the
following equation is obtained as the strong-field approximaiion io the high-spin,/low-spin
crossing point:
~ (4,330 +(B/5) D =—{1/3)A - (4/5)D
AD=12/5=240
This value is also the value at the crossing point of 'P*E with the asymptote a3 ‘A,
** In eqnr. (93) the norm squares of the two coefficient operators depend differentiy on the
number ¢ of p electrons according to egns. {89) and (90). The result from eqn, (95) is
therefore valid only for p*. For p' the condition of eyn. (93) leads to & /D = V24,5 =215,
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system XeF, (the right-hand side of Fig. 6). This is so because the c¢ffect of
changing the sign of A uvpon geing from tctragonal to linear symmetry is
cancelled out by the effect of going at the same time from the p? configura-
tion 1o its hole equivalent configuration p*. Tn the weak-field situation the
terms ‘P, 'D, 'S and their energetic ordering are the same for XeF; as for
XeF,, understanding though that they refer 10 p* and p? respectively. The
strong-field situation ¢* “a%™? 211 D,) of XeF, similarly corresponds 10
e“a’ ¥V 'T(D,) of XeF, (u+ b =2). The degeneracy of the 'A functions in
XeF; is, of course, not accidental. These ligand field theory relationships
between XeF, and XeF, are analogous to the well-known relationships
hetween, for example, CrCl}" (4%} in octahedrat symmetry and CoCl13™ (d7)
in tetrahedral symmetry. In both cases the ligand field splitting paramerter
chunges sign as one passes (o the hole equivalent electron configuration. In
the p systems the effective symmetry group is axaal (D). while 1 the d
systems 1t 1s the holohedral rotation group 0,

One of the characteristics of the classical ligand field energy diagrams,
including Fig. 6, is their unequal treatment of the two perturbations, the
ligand field and the interelectronic repulsion. In both Orgel diagrams and
Tanabe-Sugano diagrams the constant presence of the interclectronic repul-
sion implies that cven if the ligand ficld is allowed to gain significance, it
never achieves absolute dominance. In other words, the strong-field hasis is
never an eigenbasis in uny of these types of diagrams, whereas the weak-fieid
basis ts an eigenbasis when A = 0 or A/D = (. When reasoning within ligand
field {or molecular orbital) models, this asymmetry has a particular disad-
vantage since these models, from a chemical point of view, are fundamen-
tally one-electron models for which the strong-field basis for many-electron
systems is the natural choice. It would thercfore add an extra dimension to
the pedagogics of energy level diagrams. if a diagram that treated ligand
field and repulsion on an equal feoting could be invented.

Our discussion in Section E(iii), may together with Fig. 5 inspire one to
solve the problem by using the abscissa of eyn, (96)

PO 5
'&< QJ]QQ} _ am'n'm_ (96)
noa P A A ,\!/? - Anermo T pynerm.
A<Q3|Q;\) ‘ +D\IQ1J|Q1J_;
together with the ordinate of eqn. (97)
: {97)

]

A 1A N1 T
M 040172 1 D{D| 00}
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Fig 7. Symmetrized energy level diagram for the p* configuration under the influence of a
tetragonal ligand field. The abscissa expresses the nuagnitude of the ligand feld operator
relative to the sum of the magnitudes of the ligand field and the repulsion operators, Le. it
cxpresses a magnitude fraction, This magnitude fraction takes the value € for the weak-lield
sitnation and the value unity for the strong-field situation. Compared with the Tanahe-Sugana
diagram (Fig. &), this magnitude-fraction diagram has the advantage that only a finite range
of abscissa values is necessary for describing the weak-ficld, the strong-ficld and all inter-
mediate-field situations. The weak-lield degeneracies (the same as those of gascous terms)
and the strong-Netd degeneracies (those of the subconfigurations without repulsion} show up
at the lefi-hand side and at the rght-hand side of the diagram respectively. The energy araphs
assoviated with terms of a svmmetry type which occurs only once are straight lines as in
Tanabe—Sugano diagrams. This would not have been the case if the norm square fraction of
eqn. [B7) had heen chosen as abscissa.

assuming at all times that A> 0 and D > 0. The diagram in Fig. 7 has been
constructed in this way by using the defimition of A given in Fig. 1, 'This
diagram represents an alternative to that in Fig, 6 in depicting the symmetry
part of the p* model, It docs this in the sense of being independent of the
values of the empirical parameters but dependent only on their ratio, in this
case A/D. This is true of the abscissa as well as of the ordinate which are
both pure numbers.

The abscissa of Fig. 7 is the magnitude fraction of the operator terms
containing the parameters A and D. It is understood that the abscissa can
be read equally well from left o rght as from right to feft with the
appropriale change in its meaning {as in a mole fraction diagram). The
abscissa is also a parameter [raction, provided its parameters are those
associated with coefficient operators that are renormalized to unity, as
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llustrated for A in eqn. (98):

172

0,4 = (oo pmom. _ (QQ/{QJQQ ][ﬁ(QAﬂQa}l/z] (98)

with a similar expression being valid for D.

The expression in the square brackets {eqn. {(98)) contains the definition
of the paramcter A"™™ as the paramcter associated with the operator QR"”“‘
which is normalized to unity. This parameter and the corresponding D™
have already been introduced into eqn. (96). One should be aware of the
eqns. (89 and (%0) which limit the usefulness in applying this kind of
parameter to particular configurations. Here we are considering only p* and
p* configurations for which configurations the norm square of any given
opcrator is the same.

The ordinate of Fig. 7 contains the eigenenergies reduced o pure numbers
in such a way that only their relative values are in essence depicted. For
every value of the abscissa the sum square energy splitting is, according to
eqns. (83), (84) and (98), equal to (A™™ )2 + (D™™ )2 This means that the
sum square reduced energy splitting is not independent of the abscissa since
its cxpression is that of egn. (99):

2

(Anmm.‘)1 4+ (Dnnrm.)

- {(99)
(Aﬂﬂfm. + Dnorm.)‘-

This expression is symmetrical about the abscissa value of one-half, ie.
AT = T when it incidentally takes on the value of one-half. Further-
more, it is equal 10 unity when the abscissa is zero or unity, and, for
example, equal to 5/9 when the abscissa is equal to 1/3 or 2/3, ie.
AP, DR = 1 /2 or 2, The example of the abscissa equal to 2,/3 will be
taken up again below.

The type of digram in Fig. 7 has the advantage of illustrating the
degeneracies in both the weak-field limit and the strong-field limit. Further-
more, it is secn and can easily be proven that this diagram preserves the
straight lines of symmetry-unique cnergy levels [rom the Tanabe-Sugano
and Orgel diagrams. A p” energy Jevel having a linear energy dependence on
both A and D, 1e.

E =88+ D =5(0,|0u) A d Gpl0) D™ (100)

is in a Tanabe-Sugano-like diagram depicted as a straight line with a slope
of 8. In the new type of diagram. 1the mapping is also a straight linc, but this
time with the slope

8(010s) 1= d(0p0p) 17 (101)
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where the two terms are the coefficients to A™™ and D™™ respectively in
eqn. (100). Especially in the light of our discussion in section E(iii}, it might
seem that x{A) of eqn. (87) would be a more natural choice for the abscissa
than eqn. (96) in such a symmetrized energy diagram. However, such a
choice would have several disadvantages. The most important disadvantage
15 that the levels whose energies are of the form of egn. (100) are no longer
depicted as straight lines. In any case, the absassa in Fig, 7 cun easily be
translated mto the quantity x{A). A simple example will illustrate this. Let
us assume that we have observed two p-p transitions in a spectroscopic
experiment on a tetragonal p” system and that we can assign these as
transitions from the 'A, ground term to the 'E and *E cxcited terms. We
then search the diagram in Fig. 7 to find where the experimental ratio
hetween the two transition energies is reproduced. Say that this happens, as
in one of the examples above, for the value 23 on the abscissa. We then
have the condition (egn. (102))

- n" oy L2
norm. A{ D0
A‘.aar.'f? T i = — 9] =, =2/3 (102)
MOaQs)  +D(0u]00)
meaning that
A 040 V'
nOTII. QA Q.i
- s =2 (103)
D D-I'rl ~ ln -\' :
\ D Df’
or
norm. 2 AE/Q;_\ QAA.\
@aremyt 8040y (104

(D™ D Qp|00)
giving the quantity sought (x(A) defined in eqgn. {&87)) in eqn. (105):
(Anu:\rm_)2 4

(Aumul )2 + (Dlml'm. )2 4 =+ 1

Thus the ligand ficld in the example is responsible for 80% {and thereby the
repuision is responsible for 20%) of the total squared splitting.

To conclude this section, we stress thal intermediate ligand field situa-
tions are those corresponding Lo chenucal systems. The eigenfunctions of
these systems, described within the 17 model. depend on ratios between
empirical parameters, while their eigenenergies depend on the empirical
parameters themselves. In any comparison made within the model, empirical

x{A)= 0.8 (105)
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parameters have to be weighted by the magnitude of their associated
operators, which serve as their units of magnitude.

F. CONCLUSION

The mtroduction contained a few historical remarks to place the contents
of the paper into perspective. To appreciate the results of the paper, more
history is required.

The invention of electron spin resonance spectroscopy gave rise in the
fifties to a second wave of interest among the physicists in the magnetic
behaviour of transition metal complexes. Shortly afterwards recording spec-
trophotometers helped make the chemistry inspired by ligand leld theory
the forefront of inorganic chemistry. Ligand field theory was therefore used
by many researchers with many different backgrounds, and various kinds ol
parametrizations [lourished, together with analyses of wvarious kinds of
experiments using vanous kinds of numerical approximations to what could
have been quantitauve ligand field theory.

The situation became inexpedient. The literature became almost impossi-
ble to use. especially for newcomers. It was time for conceptual clarification.
Here we are not tatking about the chemistry or physics hehind ligand field
thcory, but rather about the concepts within the model-theory itself. ie.
within the mathematical framework which we have called here quantitative
ligand field theory or the parametrical 1¥ model.

The existence of atomic (or spherical harmonic, or multipole, or spherical
irreducible tensor) and molecular (or orbital encrgy. or point group irreduci-
Me tensor) parametrizations combined with holistic and partitioned models
of the ligand field gives four versions of the ligand field part of the
parametrical 19 model, each one illuminative in its own way, as briefly
reviewed previously [28]. Even within each of these versions. several systems
of parameters appeared in the literature, and therefore standardization
seemned unavoidable. An atomic parametrization scheme of the holistic field
using group hicrarchics [16] was incidentallv agreed upon [14.17} and devel-
oped quite extensively [18] under the name of normalized spherical harmonic
Hamiltonians. These Hamiltonians are k-sets of surface spherical harmonics
C* (containing (2k + 1) components, each specified by a g) that act as
multiplicative operators. They ale orthonounal as functions over the unit
sphere in such a way that (( L( y =l4n/(2k + 1)]8,, 8, This implies
that they are orthogonal also in the optrator sense of lhl‘\ Con(,cpl {eqn. (10
and their overlap over d space 15 then [3] equal to "( |(, Yy=110,/D/(2k

+ 18,8, which means that their sell-overlap. in both a function sense
and an operator sense, depends on k. It further means that linear combina-
tions ol such spherical harmonic operators belonging to different & sets, as
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they occur in a molecular parametrization, in general will have strange
values of their self-overlaps. For this reason it would probably have been
better to define the normalized spherical harmonics as, for example, in eqns.
(1) and (2}, perhaps dropping the factor yda .

A standardization of the partiticned ligand field is that of the Angular
Overlap Model [8-11].

The standardization ideas concerning the ligand field itself were further
developed [1-3] using orthonormal operators and group hierarchies as z tool
together with phase fixation of coupling coefficients [22]. Thereby the
hierarchic molecular parametrization scheme. which is closely related to the
l-orbital splitting by the ligand field (Section B(w)). was worked out [3,22}.

Later [4} the interelectronic repulsion operator on d¥ configurations was
written as 4 sum of two mutually orthogonal and normalized components,
both of which are orthogonal also to the operator of spin-orbit coupling as
well as to ligand field cperators. This allowed, for example, 2 monoatotnic
ion to be placed quantitatively at its own specific point between LS-coupling
and jj-coupling, known as (its own) intermediate coupling.

The investigations on onc-clectron operators [1-3] and also two-electron
operators {4] revealed that all the operators which are associated with
observables of ligand field theory can he made mutually orthogonal. More-
over, this orthogonulity aupplies to the operators when they act on all the
different |7 configurations (g = 2). However, a dilemma for standardization
1s that a common normalization of one-electron operators and two-electron
operators is only possible for a fixed value of g, another value of g requiring
a renormalization of at least one of these kinds of operators (eqns. {89) and
{90)). Weighting of cmpirical parameters by the magnitudes of their associ-
ated operators may be the way out of this dilemma (see eqn. (94)).

The present review has illustrated the orthonormal operators’ model of
the ligand field by discussing an orthorhombic field on p orbitals and
obtaimng a set of hierarchic molecular operators and their associated
parameters. Moreover, the review has discussed the interelectronic repulsion
on p? configurations in terms of the spin-pairing energy operator and
parameter. This operator was further written as a sum of two mutually
orthogonal components, a spin separator and a seniority separator. Then the
interplay of the ligand field and the repulsion was studicd 10 obtain the
strong- and weak-field energy matrices of the parametrical p*(p*} models of,
for example, XelF,(XeF; ). These matrices were illustrated by a variant of a
Tanabe-Sugano-type diagram using baryeenired energies and also by intro-
ducing a new type of energy level diagram which symunetrizes the descrip-
tion of the interelectronic repulsion and the ligand field.

Quantitative ligand field theory or the parametrical 19 model [26] is
quantitative in the following sensc: if adequate and sufficient quantitative
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specitroscopic data are available, then the theory allows these dats to be
transformed into empirical parameters of the theory in a well-defined way.
These parameters make it possibie to compare phenomenological properties
which are associated with different chemical compounds or which, for the
same compound, are not directly related such as. for example. spectra and
magnetism. To thus fact the following statements may be added: on the one
hand, the quantitative part of the parametrical 19 model is a mathematical
machine rather than physical theory;, on the other hand, the hasis of the
quantitative data, i.e. the results regarding the classificatory electron config-
uration [19] and particularly the symmetry assignments of the energy levels,
is chemically significant (see introduction). This means that these results are
qualitatively correcl in a very strong sense of the word gualitative, much
stronger than when this word has the meaning of non-quantitative. In recent
years, cvidence has been provided that the interelectronic repulsion part of
ligand field theory, ie. the Slater -Condon-Shortley formalism, s perhaps
cven more a paramctrical model than is the ligand field part of quantitative
ligand field theory |29 31]. Ultimately, a bridge between these model
theories and a more fundamental quantum chemical understanding is, of
course, the obvious aim. However, until then, ligand ficld theory is the best
we have, and quantitative ligand field theory is the only means of handling a
large body of apparently unrelated data by making it related through a
scheme of empirical parameters. As such, the parametrical 17 model will
remain an important tool of inorganic chemistry until the advent of a
COMPELIIVE SULCESSOT.
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